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This paper shows that finite mixture models are nonparametrically iden-
tified under weak assumptions that are plausible in a wide array of applica-
tions. The key is to utilize the identification power implied by information in
covariates variation. First, three identification approaches are presented, un-
der distinct and non-nested sets of sufficient conditions. Observable features
of data inform us which of the three approaches is valid. These results apply
to general nonparametric switching regressions, as well as more structural
models often used in economics, such as auction models with unobserved
heterogeneity, an application detailed in this paper. Second, some extensions
of the identification results are developed. In particular, a mixture regression
where the mixing weights depend on the value of the regressors in a fully
unrestricted manner is shown to be nonparametrically identifiable. Third, the
paper shows that fully nonparametric estimation of the entire mixture model
is possible, by forming a sample analogue of one of the new identification
strategies. The estimator is shown to possess a desirable polynomial rate of
convergence as in a standard nonparametric estimation problem, despite non-
regular features of the model.

1. Introduction. In empirical research it is often crucially important to control for un-
observed heterogeneity, and mixture distributions provide convenient ways to deal with it.
Likewise, mixtures models are frequently used in the context of clustering, a major agenda in
data science. This paper studies identification problems in the presence of unobserved hetero-
geneity under weak assumptions, by exploring identification in nonparametric finite mixture
models. We then propose a fully nonparametric estimation method.

A generic mixture model takes the following form. Consider a probability distribution
function F,(-), indexed by a random variable « that takes values on a sample space A. « is
sometimes called a mixing variable or a latent variable. It can be interpreted as a term repre-
senting unobserved heterogeneity. Let G denote the probability distribution for «.. Define

a1 F(z) = /A Fiy(2)dG(a).

The researcher observes z distributed according to F'. In other words, the mixture distribution
F(+) is generated by mixing the component probability measures Fy(-),« € A according to
the mixing distribution G(+). In an important special case where G is discretely distributed
and the space A is finite, (1.1) becomes

J
(1.2) F(2) =) NFi(2), Y A=L
j=1

For example, suppose there are J types of economic agents that have type specific distribu-
tions Fj(z),j =1,...,J. If type j is drawn with probability \;, the resulting data obeys the
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finite mixture model (1.2). The F' defined in (1.2) is called a finite mixture distribution func-
tion. This is the main concern of the current paper. Since the paper presents various results
with different models, a brief discussion of the overall nature of our contributions might be
in order, as summarized in the following three points:

(i) Relation to other identification results. ~ As we mention below, currently available non-
parametric identification strategies for finite mixtures often require either (A) multiple ob-
servations (a leading example being panel data) or (B) exclusion restriction and/or specific
conditions on the shapes of the component distribution functions F,,« € A. All the results
in this paper concern identification in cross-section settings (i.e. the researcher never ob-
serves an individual with a particular realization of the mixing/latent variable o more than
once), therefore our identification strategy has little in common with the ones that belong to
Category (A). Some papers in Category (B) assume exclusion restrictions, then invoke an
identification-at-infinity type argument by focusing on observations at the tails of the compo-
nent distributions. This paper does not rely on exclusion restrictions (and it even allows the
mixture weights to depend on covariates in the model discussed in Section 4). Some other
papers in Category (B) rely on symmetry of Fi,, or assume that the component distributions
themselves have mixture representations, and we do not impose neither restrictions.

(ii) Source of identification.  'The primal identification power in this paper comes from what
may be called “componentwise shift-restriction” when a covariate is observed. That is, under
an independence assumption, each component distribution generates a set of cross restrictions
over a family indexed by the covariate values. Here the term “shift-restriction" is adopted
from [35], who consider semiparametric estimation of ordered response models (hence their
paper is not about mixtures) though the identification strategy in the current paper is not di-
rectly related to theirs: it is crucial to observe that in our case for each component distribution
we obtain continuous limit analogues of shift-restrictions defined for a (possibly finite) set
of covariate values. These componentwise shift-restrictions — and equally importantly, the
fact that after aggregating such latent distributions, the resulting mixture distribution function
lacks the shift-restriction property under a “non-parallel condition" described later — deliver
fully nonparametric identification.

(iii) On identification/estimation strategies. — The ‘“componentwise shift-restriction" de-
scribed above can be usefully exploited after taking Fourier/Laplace transforms of the model.
We then take limits in the Fourier/Laplace domains. As noted in (i) above, this is quite differ-
ent from the approach based on exclusion restrictions together with nonparametric estimators
with observations at the tails of the component distributions. Moreover, basing identification
on the upper and lower tails generally limits the number of identifiable components, typically
to the case with J = 2, whereas our approach can be used to identify models with arbitrary
J (Section 5). The number of components J itself will be identified in our approach as well.
Alternatively, if we impose a large support restriction on covariates we can in principle estab-
lish identification in a straightforward manner. This would be a variant of the identification-
at-infinity argument, and our approach does not share this feature either. As we shall see in
Section 8 it is possible to estimate the entire mixture model fully nonparametrically with
standard polynomial convergence rates under mild assumptions. This desirable property is
achieved without focusing on observations at the tails of the component distributions, nor a
large support condition on the covariate.

We now mention some literature on the use of mixture models in general, followed by
existing methods of identification for (finite) mixtures. As noted before, mixtures are com-
monly used in models with unobserved heterogeneity, especially in labor economics and
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industrial organization. See, for example, [6], [9] and [37] for applications of finite mixture
models in these fields. They are also used extensively in duration models with unobserved
heterogeneity; see [23], [24] and [46]. A somewhat different use of mixtures can be found in
models of regime changes, which can be viewed as finite mixture models. [41], for example,
uses a switching simultaneous equations for an empirical IO model (see also [17] and [36]).
Some models with multiple equilibria can be regarded as mixtures as well, e.g., [15]. Finally,
contaminated models, as analyzed by [28] and [39], can be formulated as mixture models.

The most common estimation approach for a mixture model is to parametrize it and apply
maximum likelihood estimation (MLE). In the notation introduced in (1.1), MLE requires
parameterizing F,,(-) and G(-) so that they are known up to a finite number of parameters.
The EM algorithm often provides a convenient way to calculate the MLE for a mixture model.

This paper considers nonparametric identification problems in finite mixture models. The
goal of the paper is to show that it is possible to treat the component distributions of a mixture
model in a flexible manner. It should be noted that [31] and [23] provide important identifi-
cation results for mixture models in semiparametric settings. Again in the notation in (1.1),
these authors treat the component distributions F,,(-) parametrically, (so that it is parame-
terized as F,,(+,0), say, by a finite dimensional parameter §) while treating G’ nonparametri-
cally. They develop nonparametric MLE estimators (NPMLE) for this type of models. Note
that NPMLE, in actual applications, yields nonparametric estimates for G that are typically
discrete distributions with only a few support points. This fact may suggest that considering
finite mixture distributions from the outset, as this paper does, is likely to be flexible enough
for practical purposes.

Identification problems of finite mixtures have attracted much attention in the statistics
literature. Teicher’s pioneering work [44, 45] initiated this research area. [43] provides a nice
summary of this topic. See, also, [38] for a comprehensive treatment of mixture models in-
cluding their identification issues. Many results known in this area assume parametric compo-
nent distributions, see, e.g., [49] for a recent review of semiparametric finite mixture models.
On the other hand, a number of papers have appeared on the subject of fully nonparametric
mixture models, especially after the first version of the current paper was circulated. These
include approaches based on multiple outcomes (e.g., [2], [7], [8], [14], [33], [48], [47]), or
identification results based on exclusion restrictions, with/without tail restrictions on compo-
nent distributions (e.g. [1], [13], [25], [26], [32]), or methods based on symmetry restrictions
(e.g. [10], [11], [27]). A paper studying a framework close to ours is [4]. Looking at a finite
mixture of nonparametric regressions, its main focus is providing uniformly consistent esti-
mators. The argument does not rely on variations of the covariates, in fact they identify the
components’ distributions and the corresponding weights using one value of the covariate.
They can have parallel functions but impose clusterability restrictions, as introduced in [3],
which we do not need.

We note that a large part of the paper focuses on the case J = 2; our results are most
general for this case and we suggest estimators only for this case. This focus on J =2 is
ubiquitous in the literature, see [20], [10], [30], [27]. Moreover as already mentioned, we
extend many of our results to arbitrary J mixture components, and show that .J is identified.

The main result of the present paper is that a nonparametric treatment of the component
distributions of a finite mixture model is possible in a cross-sectional setting, if appropriate
covariates are available. Most of our identification results are constructive which enables us
to propose natural estimators which we study in Section 8.

2. Mixture Model with Covariates. Consider random vectors z and x. Suppose the
conditional distribution of z given x is given by a finite mixture model of the following form:

J J
2.1) Fzlz) =) NFj(zlz), >0, j=1,....0, Y A=L
j=1 Jj=1
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The main goal is to identify the mixing probability weights A\;,j = 1,...,J and the con-
ditional component distributions F;(z|x) from the conditional mixture distribution F'(-|x),
using nonparametric restrictions. Most sections in the paper (except for Sections 5 and 6)
consider the case where J = 2. The above expression then becomes:

(2.2) F(zlz) = AFi(z|z) + (1 = N\ Fa(z]z), X €(0,1].

The case with A = 0 is ruled out as we seek identification only up to labeling. Section 5
considers an extension to the case with J > 3.

3. Identification when J = 2. This section develops basic nonparametric identification
results for (2.2). Suppose z and z reside in R and R¥, respectively. Define

m;j(x) = / zdFj(z|z),j=1,2,
R
i.e., the mean regression functions of the component distributions. Let ngx, 7 =1,2 denote
the distribution functions of type specific residuals, that is

3.1 Fg‘x(e]ac) =Fj(mj(x) +€lz), j=1,2.

Note that by construction | eng‘x(dx) =0,/ = 1, 2. With this notation F}j(z|z) = ij(z -
m;(x)|x),7 = 1,2, and the model (2.2) can be written as

(3.2) F(z|lz) = AFY (z —my(z)|z) + (1 = N)F2 (2 — mo(x)|z).

elx elx

Our goal in this section is then to identify the elements of the right hand side of (3.2) nonpara-
metrically from the knowledge of F'(-|x) evaluated at various . Note that the model (3.2) is
further interpreted as a switching regression model:

53 {m1 (¢) +er,e1le ~F}, with probability A

ma(z) + €2, €2 ~ F3 with probability 1 — \.

|z

Models as described above are conventionally estimated using parametric MLE. That is, the
researcher specifies (1) parametric functions for m1 (), mz(z), e.g. m1(x) = B{ z, ma(z) =
By x, and (2) parametric distribution functions for Fel|x and ij e.g. e1lr ~ N(0,0%),

ealx ~ N (0,03). Examples of such methods can be found in [42] and [34]; see also [21]
for application of MLE in a time series context. The EM algorithm is often used in comput-
ing the maximum likelihood estimator.

While the parametric approach is attractive and practical, the consistency of the MLE de-
pends crucially on whether the parametric model is correctly specified or not. For example,
even if m; and my have the correct form, misspecifications in Felx and ij would result
in a failure of consistency. This is quite different from standard (possibly nonlinear) regres-
sion models, for which many distribution free estimators are available. This may discourage
applied researchers from using mixture models. It also raises a more fundamental question:
Is the model (3.3) identified under weaker, non/semi-parametric assumptions? The results in
this section provide a positive answer to this question.

Before discussing how nonparametric identification is possible, it may be helpful to see
that a certain nonparametric restriction fails to generate identification in the model. Arguably
the most common identification assumption for the standard regression model (without mix-
tures) is the conditional mean restriction. In our case, by the construction of Fel‘x and ij

we have [, EdFel|a:(€) =0and [ englx(e) = (. The question is whether the knowledge of
the conditional mixture distribution F'(z|z) at various x, combined with these “restrictions,”
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uniquely determine Fel‘x, F52|a:’
the mixture distribution F'(z|x) into increasing and right continuous R -valued functions
a(z) and b(z), say, so that F(z|z) = a(z) +b(z). If welet A = [ da(z), mi(z) = } [ zda(z),
ma(z) = 125 [ zdb(z), Fel‘x(e) =a(e+mq(x))/A and ij(e) =b(e+ma(x))/(1—\) they
would satisfy all the available restrictions and information at all x. Even if m; and mgy are
completely parameterized, the model is not identified; “splitting” of F'(z|x) is not unique.
While it is straightforward to see the above identification failure, it highlights the fact that
the conditional mean zero condition allows “too many” ways to split the mixture distribu-
tion, thereby failing to deliver identification. Fortunately, however, there exists an alternative
nonparametric restriction which identifies the model (3.3). In what follows we focus on in-

dependence restrictions, i.e. independence of (€1, €2) from z.

my1, meo, and A. The answer is negative; at each x, we can split

REMARK 3.1. Note that it suffices to assume that the independence restriction holds (i)
for just one element of the k-vector of covariates (wlog we assume that it is the first element)
(i1) over a small subset of the support of the element. The dependence property between €’s
and the elements of = other than the first is completely left unspecified. In this sense the
independence requirement should be interpreted as a conditional independence assumption.
With a rich set of controls such a requirement might be regarded reasonable. Note this point
applies to all the other identification results in this paper as well.

3.1. First identification result. Our first result is concerned with cases where at least one
element of the vector of covariates x = (z!,...,2*) T is continuous. Assume that the first £*
elements z!,...,z¥" are continuous covariates. We establish nonparametric identifiability at
x = xo utilizing local variation in one of the k* continuous covariates. It is convenient to
assume that the first element x! is such an element, which is assumed to be prior knowledge
both for identification and estimation. The following notation is useful in considering local

variations of z!: for a point xg = ({, ..., 25) " € R, define

NYwo,0) = {(z',23,....,25) " € R¥|z! € (a} — 6,28 + )}

ASSUMPTION 3.1. For some § > 0,

() e1|r ~ Fy and e3|x ~ Fy at all x € N'(z0,0) where Fy and Fy do not depend on the
value of x,

(i) If0 <A <1, my(wg) — my(x) # ma(xg) — ma(x), for all x € N (z0,9),  # xo,

(iii) mq and ma are continuous in x* at x.

With the notation above, (3.2) is written as:
(3.4) F(zlz) = AF1(z —my(z)) + (1 — X\) Fa(z — ma(z)).

Note that the mixing distribution is allowed to be degenerate, i.e. J = 1. As a convention let
A =1 if the mixing model is degenerate. That is, with degeneration (3.2) becomes

(3.5) F(z|z) = Fi(z — mi(x)).

The parameter space of ) is therefore (0, 1].

We first discuss identification of the slopes of the functions m; (), m2(+) in a neighborhood
of the point o € R¥. To this end a set of regularity conditions for nonparametric identification
are stated in terms of moment generating functions. Let

Mi(t) ::/Retedme), i=1,2,
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for all ¢ such that this integral exists. M7 and M are the moment generating functions of the
disturbance terms €7 and €5. Define

D(z) :=ma(x) —mi(z), zeRF,
My(t)
h(c,t) := etP(@o)(1+0) 2 , ceR,teR.

The following imposes a very weak regularity condition on the behavior of these moment
generating functions.

ASSUMPTION 3.2. (i) The domains of M (t) and Ms(t) are (—o0,0), and
(ii) For some € > 0 either h(+e,t) = O(1) or 1/h(%e,t) = O(1), or both hold as t — +oc.
Moreover, the same holds as t — —o0.

REMARK 3.2. Note that the requirement (ii) for the asymptotic behavior of the ratio

% g tg is very weak and reasonable, as it allows the ratio to grow, decline or remain bounded

as t diverges.

Let M (t|z) denote the moment generating function of z conditional on z, that is,

M(t|z) := / edF (z|z),
R
whose domain, by (3.2) and Assumption 3.2(i), is (—o0, 00), and also let
M (t|x)
M (t|zo)

Note that these functions are observable. The domain of these functions is R* x (—o0, 00)
by Assumption 3.2(i). By (3.2) we have

M (tz) = Ae"™ @M (8) + (1 — N)et™@) My ().

To convey intuition on the first step of our identification argument, we rewrite @ as follows.
Suppose h(+e,t) = O(1) holds, then

AetmM @D () + (1= A)et™2@) My (t)
Aetma(zo) My (t)+ (1 - )\)etmz(xo)MQ( )

— \)etlma(z)—ma(z’)] MQ(t)
(1=Ae M () )
_I_

R(t,z):=

1 1
n log R(t,z') = n log (

= mi(a’) — ma(r0) + 5

A+
o A+ (1 — \)etlmz(zo)=ma(o)] M2Eg
and for 2’ € N'(z¢, ) close enough to zg, |ma(z’) —mq(a)| is less than | D(zq)|(1
Assumption 3.1. Thus we have

€) by

.1
Jim —log R(t,2") = m(2') — mi(zo).
If 1/h(+e,t) = O(1) instead, then write

timi(z')—ma(z")] Ml )
Ae (D)
Mo (t)

(1=4)
(1=2)

1 +
“log R(t,x') = ma(z') — ma(zg) + = lo
n g R(t,z') 2(2") 2(20) n g ol (z0)—ma(zo) n
and again by Assumption 3.1, we obtain

o1

Jim -~ log R(t,2") = ma(z') — ma (o).

The following lemma formalizes and generalizes this argument.
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LEMMA 3.1.  Suppose Assumptions 3.1 and 3.2 hold. Then there exists §' € (0,9) such
that for every x' € N*(zq,5")
(1) limy—oo % log R(t,x") = mq (') — mq(z9) or limy_, o0 % log R(t,z") = ma(z) — ma(xo),
and
(i) limy oo Tlog R(t,2") = my(2) — ma(wo) or limy,_o Tlog R(t,2) = mao(2') —
ma(zo)
hold.

Lemma 3.1 suggests that the slopes of m; and ms are identified as far as the following
condition holds. To state it, define

E[z|a] = /zdF(z|x)
and
. Elz|z] — E[z|zo] — (14 ¢) lim¢—,—oo 1 log R(t, z)
T limy oo 1log R(t,x) — (14 ¢)lim,_o T log R(t,2)

Note these are well defined under Assumption 3.2 (i). Take &’ as defined in Lemma 3.1.

CONDITION 3.1. Either

(i) limyo0 +log R(t, @) # limy—, oo 1 log R(t, ) for some x € N'(z, ")
or

(ii) limejo A = 1
holds.

Under Condition 3.1, we show that A is also identified as lim. g A. = A, which gives the
following lemma.

LEMMA 3.2. Suppose Assumptions 3.1, 3.2 and Condition 3.1 hold. Then there exists

8" € (0,0) such that F(-|x),x € N(xo,0) uniquely determines the value of A\, and moreover,
(ma(x) —ma(zo), ma(x) —ma(zo)) if A € (0,1)
up to labeling and
mi(z) —mi(wo) fFA=1

forall x in N'(x¢,8") as well.

REMARK 3.3. Condition 3.1 is the main regularity restriction for our first identifiability
result. Importantly, it is testable, as both R(t,xz) and \s are observable. Note that Condition
3.1 (i) fails if, for example, F} and Fy are the CDFs of N(0,0%), N(0,03), 0? # o3 — the

case covered by our second identification result in Section 3.2 (in particular see our discussion
right after Assumption 3.4).

To identify the remaining parameters, we proceed as follows. Define
E[2?|z] = /ZQdF(z\az),

as well as the identified function

CO(x) = {E[z*|wo] — E[2?|2] + Alm (z0) — m1 (2)]* + (1 — A) [ma(w0) — ma(2)]*} /2,



and

A0
A= (O (1— )\)> )
We obtain

(3.6) [E(é(’ﬁz))] _ ([ml(xo) N m(x)] [ma(zo) N m2(l’)]> A m;ggﬂ ’

for all z € N'(xq,d). If X # 1, this equation identifies m1(z¢) and mao(zg) as the two first
matrices on the right hand side are identified. Finally, to identify F; and F5, we show that

(3.7) [M(ﬂmo)} — etlma(zo)+ma(wo)]

M (t|x)
e tmz (z0) et (z0) M, (t)
ot s ) =ms @0)]-ma (@)} gt{ma()-ma(eo)]-mi @)} | & [ apy(1)|
which guarantees that the MGFs of F} and F5, and thus F and F5, are identified if A # 1. The
following lemma states the full identification result and its proof formalizes the arguments

above as well as generalizes to the case A = 1.
Let F(RP) denote the space of distribution functions on R? for some p € N. Define

f(Rp):{F:/uF(du):(),Fe]:(]Rp)},

the set of distribution functions over R” with mean zero. The parameter space of (F1(-), F5(-))
is given by F(IR)2. Also, for a set C C R¥ let V(C) denote the space of all R-valued functions
onC.

LEMMA 3.3.  Suppose Assumptions 3.1, 3.2 and Condition 3.1 hold. Then F(-|r),z €
N1(x0,6) uniquely determines (\, Fy(-), Fa(-),m1(-),ma(-)) in the set (0,1] x F(R)? x
V(NY(zo, 5’))2 up to labeling.

REMARK 3.4. To show the above lemma, some regularity conditions on the nature of
mi, mo, F1 and Fy (e.g. Assumptions 3.1(ii), 3.2(i)-(ii)) are imposed. Note that such re-
strictions are not imposed on the parameter set (0,1] x F(R)? x V(N (zg,d"))?. The space
of candidate parameters being searched over generally contains parameter values that vio-
late, say, the non-parallel regression function condition, Assumption 3.1(ii). The only re-
strictions imposed on the parameter space are the independence restriction, which enables
us to have F(R)? as the space of the distributions of €’s, and the mean zero property
of €’s, which holds by construction. Lemmas 3.1 and 3.3 claim that as far as the true
parameter value (X, Fy(-), Fa(-),m1(-),ma(-)) satisfies the regularity conditions like As-
sumptions 3.1(ii), 3.2(i)-(ii)), it is uniquely determined in the unrestricted parameter space
(0,1] x F(R)? x V(N*(z0,8"))%. This point should be clear from the proof. It is of course
much easier to establish nonparametric identification by restricting the parameter space we
search over, for example, by making the parameter space for m; and my the space of pairs
of functions that are non-parallel. Such a result is not satisfactory from a practical point of
view: imposing conditions such as Assumption 3.1(ii) in estimation is difficult in practice.
This is the reason why this paper considers the more challenging problem which removes
unnecessary restrictions on the parameter space.

REMARK 3.5. Note that Lemmas 3.1 and 3.3 do not require A < 1. That is, if the true
model has J = 1, the model is still correctly identified (to be a model with just one “type” of
individuals).
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REMARK 3.6. Some of the assumptions made above are crucial. The main source of
identification is the independence assumption, Assumption 3.1(i), as discussed before. As-
sumption 3.1(ii) is also essential and tied to our use of covariate variation for identification.
If m; and m; are completely parallel everywhere, it is easy to see that the “shift restriction”
implied by independence loses its identifying power. A distinct but related assumption of
“transversality” can be found in [29], which also studies a mixture of nonparametric regres-
sions but with normally distributed mixture components.

REMARK 3.7. On the other hand, some of the assumptions made here are “regularity
conditions”. First, Assumption 3.2(i) imposes a rather strong assumption requiring that the
moment generating functions M; and My of F and F5 exist over R. Second, Assumption
3.2(ii) imposes a very mild condition: see Remark 3.2. Assumption 3.1 is important for this
result, and as discussed earlier, it is testable. It is satisfied for a large set of parameters, and
interestingly, it even includes the case where F; and F5 are completely identical.

3.2. Second identification result. 'This section proposes an alternative approach for iden-
tifying (3.2). One advantage of this second identification result is that it is based on charac-
teristic functions, so their existence is not an issue. Like the first identification result, the key
sufficient condition, which differs from the MGF based condition in the previous section, is
testable. Nonparametric identification holds under the following alternative set of sufficient
conditions.

ASSUMPTION 3.3.  There exist three points x,, Ty, T in R* such that

(i) e1]xz ~ Fy and es|x ~ Fy at all x = x4, = xp,x = T, where Fy and F5 do not depend
on x,

(ii) mi(xq) — my(zp) # ma(ze) — ma(xp), mi(xy) — my(ze) # mo(xq) — ma(ze), and
mi(xp) — ma(ze) # ma(zp) — ma(xe).

Assumption 3.3 is similar to Assumption 3.1, though here the continuity of m; and my is
not an issue. The next assumption imposes regularity conditions of the characteristic func-
tions of F and F5, defined by

b5 (t) ::/ReitedFi(e), i=1,2.

ASSUMPTION 3.4. limy_oo ‘%‘ —0or |52

¢2(2’%00r)\:1.

It is interesting to compare Assumption 3.4 with Condition 3.1. The former gives a suf-
ficient condition in terms of the characteristic function, whereas the latter the moment gen-
erating function. It holds, for example, if ; and F; are the CDFs of N(0,0%), N(0,03),
02 # 03. [45] uses an assumption similar to this. Assumption 3.4 rules out the case with
Fy = F5, which is allowed by Assumption 3.1. Fortunately, just like Condition 3.1, the new
condition Assumption 3.4 is verifiable through the observables, as is clear from the next
lemma. This means which of the two identification strategies to be used can be determined
by the observable features of the data. To state this more precisely, let ¢(¢|x) denote the
characteristic functions of the conditional mixture distribution F'(z|x), that is,

b(t|z) = / et AP (2]),
R
and for zo € R* define

p(x,t) = z € RF,
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CONDITION 3.2. There exists € > 0 such that
li =1
Jim |p(a, )]
and

lim —ZLog pla,t+a) = const.
R o(a.1)

forevery x € N1(xg,€) and a € (0, €] where the constant in the second condition may depend
on x and Log(z) denotes the principal value of the complex logarithm of z € C.

LEMMA 3.4. If my and mgy are non-parallel on N*(zq,€), Assumption 3.4 and Condi-
tion 3.2 are equivalent.

Finally, assume
ASSUMPTION 3.5. o} := [€2dF(¢) and 03 := [ e2dFy(e) are finite.

Note that the next lemma holds if the set of the regressors values includes at least three
points. It therefore allows, for example, two-regressor cases where one regressor is binary
and the other is continuous.

LEMMA 3.5.  Under Assumption 3.4 (or Condition 3.2), Assumptions 3.3 and 3.5, F(|z)
at ¥ = x4, and x. uniquely determine (\,mi(zq),m1(xp), m1(Tc), M2 (Ta), ma(wp),
ma(xe), F1(-), Fa(-)) in the set RT x F(R)? up to labeling.

3.3. Third identification result. 'We now propose an identification strategy that takes an
approach similar to the first identification result, though differs from it in some important
ways. It uses one sided limit (e.g. ¢ tending to positive infinity) of MGFs and also character-
istic functions. Unlike our first result, it for instance addresses the case where F; and I5 are
CDFs of N(0,0%), N(0,03), 0} # o3. Moreover, the identification strategy for the distribu-
tion functions avoids Laplace inversion, a problematic step in practice. For these reasons, we
use this identification strategy to construct our estimator in Section 8.

Recall our definition of the function h(-,-) (see Assumption 3.2) in the statements of the
following assumption.

ASSUMPTION 3.6. (i) The domains of M, (t) and Ms(t) include [0,00) and for some
e > 0 either h(+e,t) = O(1) or 1/h(£e,t) = O(1) or both hold as t — +o0,
or
(ii) The domains of M (t) and Ms(t) include (—o0,0] and for some € > 0 either h(+e,t) =
O(1) or 1/h(+xe,t) = O(1) or both hold as t — —oc.

Note that this assumption does not demand the MGFs M; and M5 to be defined on the
whole real line, sometimes a restrictive assumption.

LEMMA 3.6. Suppose Assumptions 3.1, 3.4 and 3.6 hold. Then there exists € € (0,6)
such that for every x € Nt (zq,€) and a € (0, €]

(i) limy o0 2log R(t,2') = ma(2') — my(zo) or limy_o0 +log R(t, ') = ma(z’) — ma(z0)
if Assumption 3.6(i) holds, and
limy— oo tlog R(t,2') = my(2') — ma(mo) or limy_,_o tlog R(t,2') = mao(2') —
ma(xg) if Assumption 3.6 (ii) holds instead.
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(i) limg oo - —iLog <p(pz(’£j;)a)> =my(2) —mi(xo) or limy_ %Log <%> =mg(z')—

mg(xo).

The constant § in the following condition is specified in Assumption 3.1 and we modify
the definition of . to

Elz|z] — E[z|zo] — (14 ¢) limy—,o0 7 log R(t, )

Ae 1= .
limg 400 & : aZLog (%) — (14 ¢)limy 00 %log R(t,z)

if Assumption 3.6(i) holds. If (ii) holds instead, the limits of log R(t,z)/t are taken as t —
—00.
CONDITION 3.3. Either

(i) there exists € € (0,0) such that lim;_, %log R(t,z) # lims_,00 %Log (p(:(’;tf)> for

every x € N*(zq,€) and a € (0, €] if Assumption 3.6(i) holds
or

(ii) there exists € € (0,0) such that limy_, _ % log R(t, ) # limg_, oo %Log ( m;if)>f0r
every x € N'(zq,¢€) and a € (0, €] if Assumption 3.6(ii) holds
or
(iii) limeyo A = 1
holds.

The above condition is verifiable with information in the observables as p, R and A. are
all observed. Under this condition, the slopes are identified as in Lemma 3.2 and we obtain
similarly

lim A, = A
cl0
These are summarized in the following lemma.

LEMMA 3.7. Suppose Assumptions 3.1, 3.4, 3.6 and Condition 3.3 hold. Then there exists
8" € (0,6) such that F(-|z),x € N*(z0,8) uniquely determines the value of \, and moreover,

(m1(z) —mi(zo), ma(x) —ma(zo)) if A € (0,1)
up to labeling and
my(z) —mi(zo) if A =1

forall x in N'(x¢,8") as well.

Note that we once again need the non-parallel regression function condition. Once the
increments of the regression functions are identified, their levels are obtained using (3.6) as
in Lemma 3.3.

LEMMA 3.8. Suppose Assumptions 3.1, 3.4, 3.6 and Condition 3.3 hold. Then there exists
8" € (0,8) such that F(-|x),x € N'(z0,5) uniquely determines (\,m1(-),ma(-)) in the set
(0,1] x V(NY(z0,6"))? up to labeling.



12

To identify the distribution functions (Fi(.), F2(.)), we propose a different identification
argument. Its main benefit is that unlike (3.7) it does not resort to empirical MGF inversion,
which is hard to handle in terms of obtaining polynomial rates of convergence. Let g(z) :=
mi(x) — mo(z) and §(z,2’) := g(z) — g(a’). We consider two points x; and z( at which
the values of m; and my are identified. Then we show in the proof of Lemma 3.9 that if
) (.T 1, 370) >0,

1 oo
(8)  Fa()=1-1— ;F(z + jo(x1,20) + ma(z1) — g(zo)|z1)

— F(z+ jé(z1,x0) + ma(xo)|xo),

3.9 Fi(z)= % [F(z+mi(z)) — (1 = XN)Fa(z + mi(z) — ma(x))].

We use these closed-form expressions to construct our estimators in Section 8.

LEMMA 3.9. Suppose Assumptions 3.1, 3.4, 3.6 and Condition 3.3 hold. Then there ex-
ists 8 € (0,0) such that F(:|x),z € N'(z¢,68) uniquely determines (F(-), Fo(-)) in the set
F(R)2

4. A model with “fixed effects”. The model we have focused on so far assumes that
heterogeneity is exogenously determined. With J = 2, a draw (z, z) is generated from the
first type of population or from the second with fixed probabilities A and 1 — A. This sec-
tion relaxes this assumption. We assume that the binary probability distribution over the two
types/population can depend on x in an unspecified, nonparametric manner. In terms of the
switching regression formulation, this means:

@.1) mi(z) + €1, €1|x ~ Fy with probability A(x)
. z=
ma(x) + €2, €2z ~ Fh with probability 1 — A(z).

where = and €; (e2) are, as before, assumed to be independent. Equivalently, we can write
(4.2) F(zlz) = AMz)Fi(z —ma(z)) + (1 = Az)) Fa(z — ma(z)).

The goals is now to identify the 5-tuple of functions (A(-),m1(-), ma(:), F1(-), Fa(+)) from
the joint distribution of (z,x).

This model is of a particular interest in terms of its implications. As in the rest of the
paper, we often interpret the difference between (m;(+), F1(-)) and (mq(-), F1(+)) as a repre-
sentation of unobserved heterogeneity. In a standard panel data regression model often such
heterogeneity is represented by a scalar, and when it is assumed to be independent of the
regressor it would be representing random effects, whereas if it is allowed to be correlated
with the regressor in an arbitrary manner it becomes a fixed effects model. In certain appli-
cations fixed effects models are highly desirable. Panel data often offers approaches to deal
with fixed effects, a leading case being a linear model with additive scalar-valued fixed ef-
fects. The model (4.1) (or equivalently (4.2)) is in this sense analogous to these panel data
fixed effects models. Unobserved heterogeneity in (4.1) is function-valued (i.e. m and F'), as
opposed to, say, an additive scalar. Its distribution, represented by A(x), is dependent on x in
an unspecified manner, accommodating arbitrary correlation between the unobserved hetero-
geneity and the regressor. We now show that (4.1) is nonparametrically identified, without
requiring panel data, when the finite mixture modeling of unobserved heterogeneity is ap-
propriate. Moreover, unlike in the standard panel data fixed effects model, the distribution of
unobserved heterogeneity conditional on z is identified fully nonparametrically. This means
we identify the entire model, enabling the researcher to calculate desired counterfactuals.
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Let

My (t)
h(c,t,z) = P @0+0) 2 ., ceR,teR,zeRk
( ) M (t)

We replace Assumptions 3.1 and 3.2 with

ASSUMPTION 4.1.  For some ¢ > 0,

() e1|r ~ Fy and e3|x ~ Fy at all x € N'(z0,0) where Fy and Fy do not depend on the
value of x,

(i) If 0 < Az) < 1, my(z) — ma(x) # ma(x) — ma(z), for all (z,z) € N(xo,6) x
NY(z0,9), z # z,

(iii) A, my and my are continuous in x* at all x € N'(xq,9).

ASSUMPTION 4.2. (i) The domains of M, (t) and Ma(t) are (—o0,00), and
(ii) For some € > 0 and every x € N'(zq,0) either h(£e,t,z) = O(1) or 1/h(=*e,t,z) =
O(1), or both hold as t — +o00. Moreover, the same holds as t — —oo.

Define
M(tz)
R(t =
( 7$7£) M(t‘£)7
. 1
Kol )= Rtz exp (1t Log(R(s.2.2) ).
. 1
Koaeslo2)i= Rt,z)exp (¢ i Llog(R(s.2.2))
S -0 8§
Kioo(,2):= lm Kicor(z,z)
and

K_oo(z,z):= lim K_o(x,x).

t——o00

Note that the limits in these definitions are well-defined over a neighborhood of x.
We replace Condition 3.1 with:

CONDITION 4.1. For some 6 > 0, either

(1) limy o % log R(t,x,x) # lim;—,_ % log R(t,z,x) for every (x,x) € N(xg,0) x N*(z0,9).
or
(ii) for some & > 0, Kioot(x,2) =1 holds for every t R and (x,z) € N'(z0,5) x
Nl(l'o,d).

Like Condition 3.1, Condition 4.1 is testable as the values of R(-,-,-) (hence K o .(-,-))
are observable.

Finally, we impose a condition on A(-) to accommodate its dependency on the covariates:

ASSUMPTION 4.3. For some § > 0 it holds that

1

() () is weakly monotonic in z* over [z} — 6, x(]

and
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Yover [zg, z§ + 6]

(ii) A(-) is weakly monotonic in x

Note that Assumption 4.3 allows A to be non-monotone in an arbitrarily small neigh-
borhood of zy (so obviously A\ can be globally non-monotone) as it imposes monotonicity
separately and independently in Assumptions 4.3(i) and 4.3(ii).

LEMMA 4.1.  Suppose Assumptions 4.1, 4.2, 4.3 and Condition 4.1 hold. Then there exists
8" € (0,6) such that F(-|x),z € N'(xo,d) uniquely determines

(m1(z) —mi(zo), ma(x) — ma(xo)) if A(x)A(zo) € (0,1)
up to labeling and
ma(x) —ma(xo) if Mz)A(zo) =1

forall x in N'(x¢,8") as well.

The next result shows that the model that allows A to be dependent on = nonparametrically
is identified. Note that the mixture can be degenerate (i.e. A(z) = 1) for some values of z,
and this can be also inferred from the observables. As in the previous identification results
presented in Lemmas 3.3, 3.5 and 3.8, its main sufficient condition (i.e. Condition 4.1) is
verifiable in terms of observables.

LEMMA 4.2. Suppose Assumptions 4.1, 3.2 and Condition 4.1 hold. Then F(-|x),x €
N(x0,8) uniquely determines (\(xo), Fi(-), Fa(-),m1(x0), ma(xo)) in the set (0,1] x

F(R)2 x R? up to labeling.

5. Mixtures with arbitrary J. Previous sections studied the identifiability for mixtures
with J = 2. It is desirable, however, to be able to deal with mixtures with many components
in some applications, especially when mixtures are used to represent unobserved heterogene-
ity. This section shows that nonparametric identification can be established for general J,
possibly greater than 2, and moreover we show that the number .J itself is also identifiable.

The basic setup in this section is analogous to the one considered in Section 3, though the
conditional distribution of z € R given 2 € R¥ consists of .J components, .J € N, as in (2.1).
As before, define

mj(z) = /deFj(z|x),j =1,2,...,J

and

J

elx

(€lz) :== Fj(mj(z) +€lz), j=1,2,...,.J.
Later we impose independence restriction (Assumption 5.1(i) below), under which we define
Fj(e) :=F)(elz), (e,2) €R x NY(z4,6),j=1,2,...,.J

and this enables us to write F'(z|z) as
J
(5.1 F(z\x):Z)\ij(z—mj(x)).
j=1

For later use, define M;(t) = [ e'“Fj(de),j =1,...,J. This section shows that the parameter

({)\j }3-]:1, {F;(") 5::17 {m;(-) 3-7:1) is identifiable under suitable conditions.
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At an intuitive level, the argument developed in Section 3 still offers a valid picture be-
hind the identifiability result here. The independence of e from x leads to a shift restriction:
the shapes of the distributions {Fj } 3]:1 have to remain invariant along the J regression func-
tions. This restriction, with other conditions, nails down the true parameters uniquely. Moving
from J = 2 to J > 3, however, involves rather different theoretical arguments as developed
subsequently. Recall that Section 3 presented alternative conditions that guarantee the iden-
tifiability of two-component mixture models, as summarized by Lemma 3.3, Lemma 3.5 and
Lemma 3.7. This section proves the nonparametric identifiability of (5.1) under conditions
that are similar to the ones used in Lemma 3.3, which seems least prohibiting of the three to
generalize. Even so, this generalization calls for a multistep identification strategy with re-
cursive procedures. The argument is rather involved thus we provide in the Appendix Section
A.4.1 an intuitive explanation when J = 3, that is, for the first iteration of the procedure.

Let us now state the identifiability results of the general model (5.1) for an arbitrary J that
is assumed to be known, at a point z, € R*. The case with unknown J will be presented
towards the end of this section. The general setting is the same as in Section 3: the first kx*
elements ', ..., 2** of the vector of covariates  are continuous covariates, and we use local
variations in z!.

ASSUMPTION 5.1.  For some 6 > 0,

(i) Fg‘x(e|x) atall v € N'(x,,6), j =1,...,J do not depend on the value of ;
(i) mj,j=1,...,J are J times differentiable in z* at all x € N* (x4, ).

Though Condition (ii) imposes J-th order differentiability in one argument for simplicity
of presentation, this is not essential: it is sufficient to assume that there exists at least one
multi-index o := (1, ..., ) € Z¥ a1 + - ags = J such that the derivative Dm/(z) =
(%)al e (%)ak* m(x) is well-defined for every x in the appropriate neighborhood. See
Remark 5.1 for further discussion.

The independence assumption (i) enables us to write the observable conditional distribu-
tion in the form (5.1). Continuity was assumed in Lemma 3.1. We replace it with a stronger
differentiability condition (ii); it may not be essential for the proof of the Lemma, though
replacing derivatives in the proof with differences leads to extremely complex case-by-case
analysis. We denote with D, the differentiation operator with respect to z', my ;(z) :=
my(x) —m;(z) and for a function f, Ag f := f(za) — f(a).

ASSUMPTION 5.2. (i) r’glén Imyj(za)| > A, A>0;
J

(i) Dyimj(x,),j=1,...,J takes J distinct values in R;
(iii) The domains of M;(t),j=1,2,...,J are (—o0,0);
(iv) Forsomee¢>0,k=1,...,J and J > j >k,

_ Ay M;(t) : INY 2 410) :
tle—A) "y tle—A) ot="J
thrn e 714(75) =0, thrn e 7]@@) =0, thm e k(t)Q

sy MO EMD)

Part (i) of the assumption is not restrictive. As before, our goal is to establish identification
up to labeling, so we can assume that

(5.2) mi(xq) >ma(ze) > ... >my(x,)

without loss of generality: this does not impact the validity of Assumption 5.2. Part (ii) is an
infinitesimal version of the non-parallel regression function conditions used in the previous
sections. Given the results in Section 3, it is possible that the case with arbitrary .J € N can be
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proved under testable conditions. Here we decided to proceed instead with Part (iv), which is
useful in keeping the complexity of the proof, which is already quite lengthy, manageable.

Under these assumptions, let us look at identifiability of the slope A,;m; using the ap-
proach developed in Section 3, for all x in a chosen neighborhood of x,. Note that we know
A1 # 0. By Assumption 5.1 (ii), there exists &' > 0, §' < 4, such that for all 2, € N'(x,,5")
and for all j =1,...,J, [mj(xp) — mj(z4)| < §, and Dypimj(ay),j = 1, ..., J take J distinct
values. We write, in the case mj(xp) — m(z,) > 0,

E]Og <Jw(t’$b)> . llog etlmi(zo)—ma(za)] 4 ZJ 2 il %18 tlm (zp)—my (z4)]
M(t|$a) t 1 +Z] 9 )\ A (t)et[mj( To)—my (z4)]

and in the case m1(zp) — mi(zq) <0, we write

1log (]\Ml'b)) _ 1 log 1+ Z] —9 >\ M1 t[mJ(zb) mi(xp)]
= — m my (zp )\ M; m P
M(tlza) )t eflm @) =m(@m)] 4 Y7 2 Etget[ S

Similarly, since m;(xp) — mi(za), mj(xa) — mi(xa), mj(xy) — mi(xp), and m;(x,) —
mq (zp) are less than € — A, this gives in both cases,

M (t|2s)
M (t|za)

Hence the slope A,,m is identifiable for all 2, € N (x4, 8").

1
Vry € Nz, 5’),tlim n log < ) = Ap,m1.
—00

We now focus on the identifiability of the slopes A,ym; for all j = 2,...,J and x
in an appropriate neighborhood of z,. Pick a point x, # z, in R¥. Define R} 5t zg) =
tDy1 (m(xq) —m1(24)),§ = 2,..., Jyand R}, | (t,24) = Dy gkg 2] +t§k§§§ gpxl [m;(2q)
—mg(za)], k=3,....,J, i =k+1,...,J. Let Rg(t,z,) = R¥(t,z,),k =2, ..., J. Define also
the operator A(x,,xy,t, k)

o e~ tAwme—Aaymy_1]

(5.3) A(za, 2y, t,k)(f)(T0) = Ozl Ry (t,xq)

flxa)| , k=2,3,...,J.

for f : R¥ — R a function differentiable in its first argument. Our approach is sequential. At
the k™ step, the slopes Agymj, j =1,...,k, are identified and the operator A(xq,xp,t,k),
which is then identified as well, generalizes the procedure explained in Appendix A.4.1 and
eliminates unknown parameters associated to the mixture components j = 1, ..., k. Note that
the definition of A uses fractions where Ry (t,z,) appears on the denominator. We obtain
in Proposition A.1 a simpler expression for Ry(t, z,) that guarantees that it is nonzero for ¢
large enough, see also Remark A.1.
Finally, define for k =2, ..., J, the identified function Q(x,t) such that

0 — m
@[e PR N (¢2,)],

a

Q2(xaa t) =

(5.4) Qp(zq,t) =
Ao, .tk — 1) A(Ta, 24, 6,k — 2) - - - A(Ta, 9,1, 2) Dy [e_tAa”mlM(ﬂxa)].

The following lemma identifies A pmy — Agpmy_1 for all x; in a neighborhood of z,.
Using the knowledge of A ymq, Agymi, k=2, ..., J is thus identified for all x; in a neigh-
borhood of z,.
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LEMMA 5.1.  There exists &' > 0 with &' < 6, such that for all x, € N*(z4,0),

. 8 Qk(xaat)
lim — log [ 2292 ) = Agymy — Agpmip_1,k =2,3, ..., J.
tir& ot o8 <Qk($b7t) LTI b=

The identifiability of the rest of the model (at z,) is established using the knowledge of
Agpmy, k=1,2, ..., J and conditional moments of z given x,. To state the complete identifi-
cation result, we denote the point of identification x¢ instead of z, as the following assump-
tion relies on several values of x.

ASSUMPTION 5.3.  There exists X = (z1,...,27_1) € N'(20,6")’ =" such that

Agimi—ADoimy ... Agimj_1—Ag1my
E.(x(),X) = )
Ao j—1mi1 — Do j—1my ... Do g_1mj_1— Do j—1my

where Ao ymj =mj(xg) —m;(z;), is nonsingular.
Note that the matrix Z(z¢, X) is observed and thus Assumption 5.3 is testable.

LEMMA 5.2.  Suppose Assumptions 5.1, 5.2 and 5.3 hold. Then F(-|x), z € N'(zq,d’),
uniquely determines ((\j)j=1..7-1,(Fj(+))j=1..7, (mj(x0))j=1.7) in the set (0,1)771 x
F(R)? x R” up to labeling.

Having shown identification of our model assuming knowledge of J, we now consider
the case where J is unknown. We find that J is identified using the observable sequence of
functions (Qx (4, .))k=1,... As we see below, the number of mixture components .J is equal
to the largest j for which the function Q);(x,, .) is not identically 0. That is, one can compute
Agym; using Q; sequentially and once @), = 0 for some jg, J = jo — 1.

PROPOSITION 5.1.

J=max{j > 1|3ty e R,Q;(xq,to) #0}.

REMARK 5.1. Note that it is not essential for our identification strategy to impose in
Assumption 5.1 (ii) that m is J-times differentiable in one argument. The use of the differen-
tiation operator % in the linear operator A is motivated by the fact that it eliminates terms
that do not involve zx,, therefore with respect to which argument we differentiate is unim-
portant. The same identification argument applies if at each application of the operator A in
the definition of ), see Equation (5.4), we use % with a different £ € {1, ..., k} instead of
always differentiating with respect to the same covariate. As noted before, we need m to be
differentiable up to a J-th order multi-index. This is less stringent than Assumption 5.1 (ii),
though we chose to state the result in the current form for notational simplicity.

REMARK 5.2. We show in Section A.5 of the Appendix how to extend the identification
results for Model (5.1) with J > 2 to the case where the distribution of types may depend
on z, i.e., (A\j);j=1.s—1 may vary with . In this setting, we argue that J can be identified as
well.
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6. Application to Identifiability of Auction Models with Unobserved Heterogeneity.
It is of great importance to demonstrate that the preceding identification results potentially
apply to nonparametric analysis of auction models with unobserved heterogeneity. As rec-
ognized in the recent literature, failing to account for unobserved heterogeneity in empirical
auction models can lead to grossly misleading policy implications and incorrect counterfac-
tual analyses. The reader is referred to [19] for various approaches to nonparametric iden-
tifiabilty in auction models when unobserved heterogeneity is present. Here we focus on
application of the preceding mixture identification results to models with auction-specific
unobserved heterogeneity. In particular, we focus on a symmetric affiliated auction model as
considered in [40]. Suppose that valuations have the following multiplicative form, with J
unknown types of auctions

(6.1) VF=T;(z)U}  with probability A;,1 < j < .J

where V¥ is the valuation of bidder k, 1 < k < I, who knows the number of bidders 1,
observed characteristics =, unobserved heterogeneity (i.e. unobserved type of auction) j, and
a signal S*. The function I'j(z') depends on the two characteristics = and j. The term U]’7~C can

be interpreted as the “homogenized valuation" for bidder %, as used in [18]. Let B* denote
the bid of bidder k. The observables in this application are (I, B',..., B!, z).

We maintain that there is a finite number of types in terms of auction heterogeneity. It is
then possible to establish identification under weak assumptions. In the following result note
that (i) valuations can be affiliated, and (ii) unobserved heterogeneity, represented by j €
{1,...,J}, is treated flexibly, as not only it can affect valuations through the index function
I'; in an unrestricted way, the distribution of the homogenized valuation U Jk is allowed to
depend on j freely. Moreover, as presented in Section 4 and further extended in Appendix
A.5, it is possible to allow the distribution of unobserved heterogeneity to depend on the
observed covariate x. The latter feature can be highly important when little is known about
the dependence between the observed auction heterogeneity x and the unobserved auction
heterogeneity j. Property (i) is important, as many preceding nonparametric identification
results for auction with unobserved heterogeneity focus on the independent private value
(IPV) model, as they tend to impose independence assumptions across valuations, with the
exception of [12]. For example, Property (i) implies that the result in this section applies to
the common values model.

Assume

(6.2) },....u0}, 8", ...,8") LalI

forevery j € {1,..., J}. Note that standard approaches to deal with unobserved heterogeneity
do so through the index function I';, and would not allow (U 1 ...,U") to depend on j . Define

w(S,I,z,7)=E Vk|Sk = max S'=851,z,j
i#k,1<i<I
which corresponds to the expected value of a bidder’s valuation conditional on I, x, j, and the
event that her equilibrium bid is pivotal. This is a quantity sometimes simply called “pivotal
expected value". Let w® := w(S*, I,z,7),1 < k < I denote the pivotal expected value of the
k-th bidder (whose signal is S¥) in an auction with characteristics (x, j) and I bidders. Our
main goal here is to identify the joint distribution of (w', ...,w’) conditional on in an auction
with (x,1,7). Note that such knowledge is sufficient to address important questions often
asked in practice: see, for example, footnote 9 of [19] for further discussions.
The above setting, in turn, implies an expression of w of the following form

(63) ’LU(S,I,IL‘,]):F](fﬁ)W(s,I,]),
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where w (S;1 j) [Uf]Sk = max;z; S" = S,1,j]. Like the homogenized valuations
{{UF}_1}]. j=1 Wy = w (S*,1,7) is interpreted as a homogenized pivotal expected value
of bldder k in an auction of unobserved type j. It is well-known that the equilibrium bidding
function preserves multiplicative separability in (6.1), hence (6.3), for each bidder k. Thus
we obtain

B* =T;(z)R},

where R;? is the homogenized bid of bidder k in type j auction. Note that the unobserved
auction type can affect equilibrium bids through two channels, that is, the index function I';
and the homogenized bid Rk Define b* = log B¥, ~;(z) :=logI';(z) and r;‘? :=log R¥, then
we have

(6.4) Vo =ni(x) 0k, 1<j<J, 1<k<I

Note that (6.2) implies

(6.5) (rjl-, . ,’I“]I-)J_LCE for every j

conditional on 1.

We now invoke our general nonparametric theory to establish identification of this model.
Let ¢ = (c1,...,cr) € RY, and define b(c) := Z£:1 cibr, C(e) := > }F_; ¢k and 7j(c) :=
Zézl cirf. One of the main objects to be identified is the /-dimensional joint distribution of
the pivotal expected values w', ..., w! conditional on (z, j, I), and our identification strategy
works for each value of 1. Thus in the rest of this section we treat I as being fixed at a value,
and suppress the index I unless necessary. By (6.4) and the finite mixture structure of the
evaluation in (6.1) we have

b(c) =C(c)yj(z) +rj(c)  with probability A;,1 <j <J

where r(c)LllLz by (6.5). Let (b(c), {C(c)v; ()} i1 iri(e )}3]:1) play the role of (z,
{mj(-)}}]:l, {ej}jzl) in Lemma 5.2, then (C(c)v;(-),A;) and the distribution of 7;(c) are
all identified for every ¢ € R™ and each j € {1,...,J}. Such results extend to the case
where {); }3-7:1 depends on = nonparametrically with the approach presented in Appendix
A5, thereby accommodating correlations between the observed and unobserved auction spe-
cific characteristics. Moreover, we now know ~;(-), j € {1, ..., J} since C(c) is known, and
the number of (unobserved) auction types J is identified as well. Note that for each 7, the
marginal distribution of every linear combination 7;(c) of the I-vector r; := (r}, s T]I- ) is
identified as ¢ € R can be chosen arbitrarily. Then by Cramér-Wold the joint distribution,
say G'j, of the vector r; is obtained for each j. Apply this and the knowledge of 7, to equation
(6.4) to determine the joint distribution (b',...,b%)|z, j, I by G;(b' — v;(x),...,bT —;(z)).
Using the first order condition for equilibrium bidding (see, e.g. [18], [5] and Equation (2.4)
in [19]) we can now back out the joint distribution of (w', ...,w’)|x, j, I as desired.

7. Instrumental Variables. The identification results developed in the preceding sec-
tions can be used to identify nonparametric finite mixture regression with endogenous regres-
sors. Suppose we observe a triple of random variables (y, w, z) taking its value in ) x W x X
where Y C R, W € R? and X € RF. Also let

()
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For brevity of exposition, we treat the case with J = 2. In a manner similar to Section 3,
consider a switching regression model:

(7.1) _ {gl(w) +m, (Y, w7$7771) ~ Fy with probability A

g2(w) +m2,  (y,w,x,m) ~ Fy with probability 1 — .

Unlike in the previous sections, however, we no longer assume that ’s and w are uncorrelated
or independent. Instead, we assume

12) [ niFstale) = [ ndEstolz) o,
that is
Elm|z] = E[nz|a] = 0.

Here and thereafter the notation F}j(1,*2,...) and F}(x1,*2, ...|x) denote the joint distribu-
tion of %1, %2, ... and the conditional distribution of %1, %3, ... given x when the joint distribu-
tion is given by F}, j = 1,2. Consider linear operators

1.3) Ty[f)(x) = / fw)dF (wlr), Talf)(x) = / f(w)dFs(uwl)

and assume that these operators are invertible.

The main goal is to identify g; and g2. Here x plays the role of instrumental variables.
As before, define my(z) = [ 2dFi(z|z) and ma(x) = [ zdFy(z|z). Note that m; : RF —
RPFL and my : R¥ — RPFL For h=1,...,p + 1, let my, 1(-) and my 2(+) denote the h—th
elements of mq(-) and mq(-), respectively. Define the p + 1-dimensional vectors of random
variables €; = z — m;(z), (2,2) ~ Fj(2,2),j = 1,2. Consistent with the previous notation
let Fj(e;|x),j = 1,2, denote the conditional distributions of €; and €3 under F; and F5.

By construction,

/edFj(e|:Jc) =0,j=1,2.

If we further assume that F};(e|z),j = 1,2 do not depend on z, a possibly strong condition
when p is large, an appropriate extension of the theory developed in Section 3 can be used to
identify mp411(x), mpy1,2(z), Fi(z|z) and F5(z|z), which in turn, also identify the opera-
tors 71 and 75. By (7.1), (7.2) and (7.3) we have

mp+1,1(z) =Ti[g1)(x),  mpt12(x) =To[g2)(z).

Then by their invertibility, g; and go are identified. To formalize this idea, consider the fol-
lowing assumptions:

ASSUMPTION 7.1. For some § > 0,

(i) €1]x ~ Ff and ea|x ~ F5 at all X where FY and F{ do not depend on the value of x;

(i) mp1(wo) —mp1(x) #mp2(x0) — mpa(2), for all w € N (z0,0), x # xo and for all h,
h=1,...p+1;

(ii1) my and mo are continuous at x.

To state a multivariate extension of Assumption 3.2, define the multivariate moment gen-
erating function

Mi(t):/etT”dFi(n), i=1,2, teRPH.
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Let e; denote the unit vector whose j—th element is 1. Accommodating the identification
strategy in Section 3.1 requires some modification as follows. Define D(z) := ma(x) —
m1(z) as before, though now D : R* — RP is vector-valued. Also let

Mg(tej)

hj(c,t) := eter Plea)i=e) Z2277 Rii,t€R
](07) e Ml(tej)7 CER4y,1E
and
M(t|z)
R(t,x) = —1"  teRPTL
)= M (tlo)

ASSUMPTION 7.2. (i) The domains of M1 (t) and Ms(t) are (—oo, 00)PHL;

(ii) Forsomee > 0 either hj(+e,t) = O(1) or 1/hj(%e,t) = O(1), or both hold as t — +o0
foreach j € {1,...,p+ 1}. Moreover, the same holds as t — —oo
CONDITION 7.1.  Either

(i) limy,o0 1 log R(te;j, z) # limy—,_ o 7 log R(te;, z) for each j € {1,...,p} and for some

xr € N(z0,0)
or
(i) limegA.=1
holds.

By modifying the proofs of Lemmas 3.1 and 3.3 appropriately to deal with RP-valued
random variables, combined with Cramer-Wald (see Section 6 for a similar step) we can
show that (A, Ff, F5,{m1(x),m2()} ze N1 (20,5)) 18 identified under Assumptions 7.1 and
7.2. Therefore each component distribution of z is obtained by

Fi(zle) = Fi(z —ma(x)), Fa(zlz) = F3(z —ma(z)).
Assume the aforementioned operators
Tj: VW) = V(N (20,0)),5 = 1,2

are invertible. We now have:

THEOREM 7.1.  Suppose Assumptions 7.1, 7.2 and Condition 7.1 hold. Then g (-) and
92(+) are identified.

8. Nonparametric estimation for J = 2. This section uses the arguments developed
in the previous sections, more specifically Section 3.3, to nonparametrically estimate (2.1)
with a sample (Z, X;);_;. Note that the number of mixture components is two.

We focus on two values x( and x; and first estimate the slopes of m; and mg nonparamet-
rically. Define Al()ml = m1($1) —m (1‘0), Alomg = mg(xl) — mg(x()) and, forj = 07 1,

n is Xp—x; ~
Zp:l € ZpK(ibn ) A(s) = o' (s)
n Xp—z; ’
> o1 K(55)

js:EeiszX:x-,Ajs: ==
¥ (s) = E(e*7|X =), () o

Sy VKRR 5y M0
S K (Xt MO(t)

MI(t) = E(?)|X = aj), MI(t) =

where h,, and b,, are carefully chosen bandwidths for kernel density estimation and M (t)

and &Ej (s) are the Nadaraya-Watson estimators of respectively the conditional moment gen-
erating function and conditional characteristic function of Z when X = z; for j = 0,1. The
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kernel function K may have a product form such as K (X) = IIF_, k(X ")). Then our estima-
tors are

- 1 .
(8.1 Ajgmy = — 10% R(tn),

~, —1
(8.2) Aygmy = (7 ' Log (lsn +an) (3lsa)) ")

where (ay,)n, (Sn)n and (t,), are sequences of tuning parameters such that a,, — 0, s,, — 00
and t,, — oo as n — oo. The notation Log(+) as before corresponds to the principal value of
the logarithm of -. Define fx the density of X and ¢; for ¢ = 1,2 as in (3.3). We make the
following assumptions.

ASSUMPTION 8.1. (i) (Z,, Xp);;:1 is i.i.d across p and distributed according to (2.2),

(ii) fx has continuous second order partial derivatives. fx and all its first and second order
partial derivatives are bounded on R¥. Moreover, fx (zj) >0for j=0,1,

(iii) A€ (0,1),

(iv) my, t = 1,2 have continuous second order partial derivatives, and all their first and
second order partial derivatives are bounded on RF,

W) hy, —>Onhk—>ooandb —>0nbkjoo

(vi) t, —> 00, tp h —> 0, and s, —> 0, spb, — 0. Additionally, a,, — 0.
n—o0 n—o0

n—oo

ASSUMPTION 8.2. (i) e1|x ~ F} and es|x ~ Fy at all z € R,
(ii) The domains of M, (t) and Ma(t) are [0, 00),
ot Mo
(iii) Foralle, e tMlgg T O(u(t)) for some u(-) where pi(t) e 0,

(iv) 2 o (S = O(f(s)) for some f(-) where f(t) + 500 0

Ml 2t
) mllk Ml(tn))

— 0.

n—oo

Note that for simplicity, we exclude boundary cases by imposing A € (0,1). Moreover,
Condition (iii) of Assumption 8.2 is a stronger version of Assumption 3.6 (i); this allows for
x1 and x9 to be arbitrary and not necessarily close to each other.

We also impose assumptions on the kernel function.

AsSUMPTION 8.3. (i) [|K(U)|dU <oo, [K(U)dU =1, lim)y| e UK(U) — 0,
(i) [K(U)?dU < oo, [|K(U)|U'UdU < oo, [ K(U)UdU =0,
(i) For some ag, a < o implies [ eIVl K (U) ]U’UdU < oo and [eWIK(U)2AU <
.

LEMMA 8.1. Suppose Assumptions 8.1, 8.2 and 8.3 hold. Then
2 1 1 M (2t,)?
) 1 (g LM
n

n tTL

(8.3) Ajgmy — Argmy = Op

) 1 ) 1/2
4) Ayomy — Argma = —Op | f(s + an) + f(su) +  bnsy
(8.4) Ajgma 1072 anOP [f(s T an) + f(8n) < won ¥ nbﬁ|¢2(sn+an)|2>

+ <b4s4 + _ )1/2}
T nbk|ga(sn)]?
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These rates depend on the distributions of the error terms. Consider the case where these
distributions are normal, i.e, €1|z ~ N (0,0?) and es|x ~ N(0,03) with § = 02 — 03 > 0.
Then the rates are polynomial in n. To see this, note that Assumptions 8.2 (i)-(iv) are satisfied

in this case. Indeed, for all ¢, et 320 — get=3t" — O(u(t)), with p(t) == e~ (G for
M. (t) t—00
any 0 <v < g. And zlgig = O(f(s)) with f(s) := e~2%’. Assumption 8.2 (v) requires
2 §—»00

t, to increase slowly. We take a fixed a in the definition of Alomg here to simplify the
computations, assuming « is small enough. Then applying the results from the estimation
proofs, the convergence rates are

~G-ve 4 (ppa g L)
i (it e >]

o305 | (bisi + 1ea§<sn+a>2> ] .

~ 1
Aloml — Aloml = fO]p
tn

Ajgmg — Ajgma = Op T
nbk

With appropriate choices of the sequences tj, hy,, s, and b, the rates are polynomial in n.
Forexampleifk =1, h, =n"5T¢,t, = Uil(elog(n))%, Sp = U%(ﬁ log(n))% andb, =n "5 1F
for €, 8 < %, then Aloml — Aqjgmq = Op (n_wl) and Elomg — Aqgme = Op (n_wQ) with
wi = min (2/5 — 2¢, (§ —v)e/(207)) and wo = min (2/5 — 24, 63/(203)). As expected,
these rates decrease with §.

We turn to estimation of the remaining parameters. Note that when \ = 1, we can write

Elz|2] — E[z]zo] — [ma (o) — ma(z)]
[m1(20) — mi(x)] — [ma(zo) — ma(z)]
Thus a natural estimator is

(8.5) = (Z] 1’1) ( ‘A o) 10m27
Argmi — Ajgme

A=

n Xp—=
o WK (F5) ,

— (x,ﬁz;) is the Nadaraya Watson estimator of E(W|X =
p=1 dn
x) with bandwidth d,,. To simplify notation, we use the same kernel function as for the
previous estimators. Estimators of m; and mg evaluated at zg are obtained using Equation

(3.6). Defining

where E(W|X = z) =

~ 1/~ - o 2 -~/ 2
C= 5 <E(Z2|X =1x0) — E(Z%|X =x1)+ A (Awml) +(1=2) <A10m2> > ;

our estimators of m1(xg) and mg(zo) are

mi(zo)| _ At 0 —Ajgmy —Ajgms - C
(8.6) Py = ~ ~ .
ma (o) 0 (1-2X) 1 1 E(Z|X =)
The convergence rate of these estimators can be computed easily. Under standard condi-
tions and imposing d, =n” ¥+, E(W|X =z) —E(W|X =) = Op(n~ #+1), see, e.g, [22].
Writing £, =n~ *4 + ay, + B, one obtains A = A + Op(&,, ). The estimators of m; (xo) and

ma(xo) are linearizable functions of A, ﬁlgml and Blomg thus their rates of convergence
are similarly bounded. This is summarized in the next proposition.

LEMMA 8.2. If Assumptions 8.1, 8.2, 8.3 hold, letting d,, = n_k+r4, then
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() A=A+ Os(en),
(i) m;(xo) =mi(xo) + Op(en), for i =1,2.

To estimate the CDF of €1 and ez, we use Equation (3.8) and propose the following esti-
mator

p'VL
1

87 Fy(2)=1-—=> F(z+jd(w1,z0) +ma(x1) - §(zo)|z1)

1-X 5

— ﬁ(z +j5\(x1,w0) + 7712(370)\370),

for a truncation parameter p, € N with p,, — oo as n — oo, and where g(z) = m;(z) —

-~

T/T\LQ(CC), 6(581,1‘0) = ﬁloml — Alomg, and
n Xp—
Zp:l ]l(ZpSZ)k’( C"’il?)

S k(AT

Note that we assume that §(z1,x0) > 0. The kernel function k£ may differ from the choice of
kernel for our other estimators. As in [16], we let K = {lc(g%)7 c>0,z¢ Rk} and for o >
0, N(a,K) = supg N(||k||c0v, K, dg) where the supremum is over all probability measures

Q on (R¥, B), dg is the L2(Q) metric and N (., K, dg) is the covering number for (K, dg).

F(z|z) =

ASSUMPTION 8.4. Fori=1,2, ¢ is continuously distributed. Let f; be its density. We
assume that f; is twice differentiable on R and f;, f! and f!" are continuous and bounded on
their support.

ASSUMPTION 8.5. Let k(.) satisfy Assumptions 8.3 (i) and (ii) and

(i) k is continuous and ||k||s < 00,
(ii) The kernel function k has support contained in [—%, %]k,
(iii) There exist A > 0 and v > 0 such that for all « € (0,1), N(a,K) < Aa™".

LEMMA 8.3. If Assumptions 8.1 - 8.5 hold, letting d,, = ¢, = niﬁ and p, — co as
n — 0o, then for any small a > 0 and for some vy > 0,

F\l (Z) — Fl(z) = OIP’ (pnnk;f‘l-i_a +p727,5n + e_’YOPn) ,

F\Q(Z) — Fg(z) = O]p (pnnk;ﬁ;Jra +p%€n + e-%;%) .

9. Simulations. To illustrate our estimation procedure and show the finite sample prop-
erties of our estimators, we proceed here to a Monte Carlo exercise. Consider the following
model of a mixture of nonparametric regressions with two components,

mi(x) +e, ifr=1
z =
m2<$)+62, ifr=0

with: €1 |z ~ N(0,0%), ea|z ~ N(0,03), 7 ~ Bern(\) where A = 0.3,
mi(z) =2cos(0.3z), ma(z) =2sin(0.5z), z ~U|0, 3].
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We examine the case where 0 > 5. The assumptions of Section 8 hold! since My (t)/M; (t) =
e~/ and ¢1(t)/¢a(t) = e~ 7ut"/2, where we write 05 = 0? — 02. Our parameters of in-
terest are m;(xzo), j = 1,2 for zy = 0.5 as well as the mixing weight and the distribution of
the error terms. Estimation of these objects relies on a second point on the support of  which
we pick to be 1 = 1.2. As explained in the Introduction, identifiability in our model comes
from a “shift restriction”: the independence assumption on (€1, €2, ) constrains the shape of
the conditional distribution of z given x as x varies. We illustrate this property in Figure 1.
We estimate Aqgmi = mq (xl) —m (w()) = —0.11 and Aigmg = mg(xl) — T)’LQ(xo) =
0.63 using ﬁloml and ﬁlomg as defined by (8.1) and (8.2). As for the remainder of our
simulation results, we report these estimates in Appendix A.1, computed for 500 simulations
with sample size n = 5,000. Figure 2 displays these estimates for two different values for
oy, 0.2 and 0.4, and fixing o3 to be 0.1. These results show that the bias of the estimator for

Ajgmg decreases as o, gets larger. Indeed, the approximation error in the bias of 310m2,
see Equation (A.5), depends on the ratio of the characteristic functions f(t) = ¢1(t)/¢pa(t)
and as o, increases, this ratio converges to 0 as ¢ — oo at a faster rate. Note however that the
bias of the estimator of Ajpm; is much less sensitive to this variation of o, likely because
the approximation term is divided by ¢, see Equation (A.1). On the other hand, as o,, grows

(thus o1 grows), the variance of ﬁloml increases. This is related to the fact that a first order
approximation of the variance term depends on the function M (2t)/M; (t)? = e%i¥’.

The estimators for A and (mj(xo), ma(zp)) are given by (8.5) and (8.6), respectively.
Figure 3 graphs the obtained density of the estimators. Since d(x1,xo) < 0, the estimator of
the cumulative distributive function F5(z) is not given by (8.7) but by

~ 1 pn Y A N N
Fy(2) = ——= > F(z+jo(x1,20) + M1 (1) — §lwo)|a1)
A=

— F(z + jb(x1, o) + Mg (w0)|m0),

where the functions g and 5 are as defined below Equation (8.7). Figure 4 shows the finite
sample behavior of the estimator of F evaluated at z = 0, compared to the true value F»(0) =
0.5 and for different sample sizes. Convergence is unsurprisingly slower and large sample
sizes are required for the estimator to show desirable properties such as validity of a gaussian
approximation.

10. Conclusion. This paper develops various fully nonparametric identification results
that build on the identifying power generated by covariate variations. Our constructive identi-
fication strategies directly lead to nonparametric estimators, which are shown to have polyno-
mial rates of convergence. We demonstrate that our nonparametric identification framework
applies to an important class of auction models where flexible treatments of unobserved het-
erogeneity is highly desirable. Extensions of the basic identification results to models where
covariates are endogenous and situations where mixture distributions are correlated with co-
variates are investigated. Note that the number of mixture components is identified as well;
that is, our identification results hold without prior knowledge of the number of mixtures.
That said, as well known in the literature, estimation and inference of the number of mixture
components remain a hard problem in general. Of course, it is of practical interest to study
these issues in fully nonparametric models like ours, so that we can provide guidance as to
how to choose the number of mixtures empirically. This is an important agenda for future
research.

'We assume here that the researcher knows which identification procedure applies. This is likely not prior
knowledge but the testable conditions we provide can be used to that effect. Studying asymptotic properties of a
formal test is beyond the scope of this paper.
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SUPPLEMENTAL APPENDIX FOR “NONPARAMETRIC ANALYSIS OF FINITE
MIXTURES”

YUICHI KITAMURA AND LOUISE LAAGE

This Appendix includes simulation results, the proofs of the results presented in the main text

as well as additional results.

A.1. SIMULATION RESULTS

~ Py

T T T T T
0 3 M) M) My} i)

FIGURE 1. Left: Regression functions m; (green) and mso (orange) on the support of x. Center

and right: Conditional density of z conditional on © = ¢ (center) and x = x; (right).
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Simulated values of Ajgmy Simulated values of Ay

FIGURE 2. Densities of the simulated estimators Aqgm; (left) and N (right) for ¢, = 0.4
(dashed line) and o, = 0.2 (solid line). The vertical lines indicate the true values. Sample size:

n = 5,000.

Simulated values of A Simulated values of M (zg) Simulated values of (o)

T r T T T T 1
05 a 1 0 mi(e) 4 -1 0 M) 1

FIGURE 3. Densities of the simulated estimators A, iy (o) and Mg (x0) (in that order, from left to

right) for o, = 0.4. The vertical lines indicate the true values. Sample size: n = 5,000.

Simulated values of F,(0)

FIGURE 4. Densities of the simulated estimators I (0) for different sample sizes and o, = 0.4. The

vertical line indicates the true value. Sample size: n = 5,000.



A.2. PROOFS OF RESULTS IN SECTION 3

Proof of Lemma 3.1. We first consider the case with 0 < A < 1 and D(z9) # 0. By continuity, i.e.,
Assumption 3.1(iii), there exist ¢’ € (0,0) such that

D D
(A.1) Ima(x") — ma(z0)| < 6’(;0” and Imy(2") — my(z0)] < d;ﬁfo)’
for all 2’ € N'(xg,d"). By (3.2) we have
(A.2) M(t|z) = Xe™ @M (t) + (1 — N)ef™2@) My(t).

Now we prove part (i), i.e., the result with ¢t — co. Suppose h(+e,t) = O(1) holds. Write

— N)etm2(@) My (1)
— \)etm2(z0) My(t)

ma(z)—m1 (z')] Ma(t
llog A+ (1 — A)etlma(@)—ma( ”ﬁt;
A+ (1= Netlma(zo)—m o) 1720}

Note that (A.1) guarantees that |ma(x’) — mq(2’)| is less than |D(zg)|(1 + €). We have

1
lim n log R(2',t) = my(2") — mq (o).

—00

If 1/h(£e, t) = O(1) instead, then write

Aellm @) =m0 4 (1))

Aetlma (wo)—ma(wo)] A]\/ﬁg&; (1-=2AX)

1 1
n log R(2',t) = ma(z') — ma(xg) + i log

and again by |ma(2’) — mq(2’)| < |D(x0)|(1 + €) we obtain

1
lim n log R(2',t) = ma(x") — ma(xo).

=500
Note that if both hold, then it has to be the case that D(xzy) = 0. Let us now consider the case
0 < X< 1and D(x¢) = 0 (implying my(xg) = ma(xg)) and prove the result with ¢ — co. Suppose
h(+e,t) = O(1) holds. If additionally D(z’) = ma(x’) — mq(2’) > 0, we write

im / / 1 Aellm@)=ma@)] 4 (1 - x) 42 /
Jim +log R(a',t) = ma(a')=ma(wo)+ lim - log — !t
+ ( )Ml(t)

On the other hand, if D(2’) = ma(z') — m1(2') < 0, we write

A+ (1 — N)etlmz(@)—ma(a")] Ma()
) = (@) —ma ()

1 1
lim  log R(a', £) = my (')~ fim 21
Jim —log R(a', t) = ma (z')—ma(zo)+ lim =~ log A+ (11— N3
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The analysis of the case with 1/h(+e,t) = O(1) is similar. The proof of part (ii) is similar. If A =1
(i.e. the mixing distribution is degenerate) we have
%log R(2',t) = my(2') — mq ()
thus the claim trivially holds. O

Proof of Lemma 3.2 . First consider the case with A € (0,1). Suppose Condition 3.1(i) fails, i.e.
limy oo %log R(t,x) = limt%_oo%log R(t,z) for every x € N'(zg,6"). In view of Lemma 3.1 these

limits are either equal to mi(x) — mi(xg) or ma(x) — ma(xg). Wlog suppose it is the former. Note
(A.3) E[z|z] = Ami(z) + (1 — N)ma(z),
therefore

Efz|x] — E[z|zo] = A[(ma(z) — m1(z0)) — (ma(z) — ma(z0))] + (ma(x) — ma(z0))
= (1 = N)[(ma(z) — ma(z0)) — (ma(z) — mi(x0))] + (m1(z) — mi(x0)).

Using this

(1 = N[(ma(z) —ma(zo)) — (m1(x) — m1(xo))] + (m1(x) —ma(zo)) — (1 + ¢)(ma(z) — mi(xo))
(m1(z) — ma(zo)) — (1 + ¢)(mi(x) —ma(zo))

_ _ (A= Vlma(w) = ma(z0)) — (mr(x) —malwo))] |

c(mi(z) — my(wo)) '

Thus Condition 3.1(ii) does not hold either. In sum, if A # 1 then Condition 3.1 reduces to its first

Ae =

part, i.e. Condition 3.1(i). Lemma 3.1 and Condition 3.1(i) imply either

1 .1
tlg-noo n log R(t,x) = mi(x) — my(xo), tl&r_noo : log R(t,x) = ma(x) — ma(xo)

or

. 1 . 1
lim - log B(t,z) = ma(z) —ma(zo),  lim —logR(t,z) =m(z) - mi(zo).

t—-+o0
FEither way the slopes are identified. If the former holds, then

1 = Ml(ma(x) = ma(z0)) — (ma(x) — ma(20))] + (ma(x) — ma(wo)) — (1 + ¢)(ma(x) — ma(xo))

v
‘ (ma(x) —ma(z0)) = (1 + ¢)(ma(z) — ma(z0))

— A

as ¢ | 0, which identifies A. In the latter case re-labeling delivers the result, with A replaced by 1 — A.
Next, consider the case with A = 1. Then Condition 3.1(i) cannot hold; as noted before

1
7 log R(a',t) = mi(z") — ma(zo)



(which identifies the slope). On the other hand

_ (ma(z) —ma(z0)) — (1 + ¢)(ma(x) —mi(zo))
(mi(z) —ma(zo)) — (1 + ¢)(ma(x) — ma(xo))
=1,

Ac

—m
—m

so indeed Condition 3.1(ii) is consistent with A = 1. Moreover this shows that the limit of A, once

again identifies A. O

Proof of Lemma 3.3. Define M(t,) = §M(t,z), M(t,) = (M (t,2), Mi(t) = o Mi(t),i =

1,2 and M;(t) = %Mi(t),i = 1,2, whose existences follow from Assumption 3.2 (i).

Note
(A4) M(0]z) = / AP (2]2) = A (2) + (1 — Nma(z).
Using this,

M (0]z0) — M(0lz) = A[(m1(x0) — ma(z)) — (ma(xo) — ma(x))] + (ma(z) — ma(z))

— (1= N)[(ma(o) — ma(a)) — (ma (o) — ma(@))] + (mi(x0) — ma (2)).

Next, to show that m;j(x¢) and ma(zg) are identified, note the basic relationship of the first and second

order moments:
M(0|z) = A[my(x)? + M1(0)] + (1 — A)[ma(z)* 4+ M(0)].
Therefore
M (0lzo) — M (0]x) =A[ma(z0)* — ma(2)?] + (1 = A)[ma(w0)* — ma(z)’]
=A(2m1(wo) — [ma(zo) — ma(x)])[m1(zo) — ma(z)]

+ (1 = A)(2ma(z0) — [m2(z0) — ma(@)])[m2(xo) — ma(z)].
By definition,
C(a) = {NI(0lo) — N1 (0]) + Al (o) = ma ()] + (1 = N)[ma(wo) — ma(@)]?} /2

then

C(z) = [mi(zo) — ma(z)]Ama(z0) + [ma(wo) — ma(x)](1 — A)ma(wo).
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Notice that C(z) is already identified over N'(xg,d’) from the above argument and Lemma 3.1.

Together with (A.4), we retrieve Equation (3.6), that is,

C(x) [mi(zo) —ma(z)]  [ma(xo) —ma(z)]) (A 0 m1(xo)

M (0|z0) 1 1 0 (1=X)/ |ma(xo)

)

for all x € N1(xg,d"). By Assumptions 3.1(ii), this can be uniquely solved for m;(z¢) and ma(zq) (if
A = 1, the above equation can be solved directly to determine m;(x); another way to proceed in the
degenerate case is to solve (3.6) using the Moore-Penrose generalized inverse, which identifies m1(zg)
and yields the solution that mgy(z9) = 0). As the slopes are already obtained in Lemma 3.2, the levels
of m1 and mg over N'(xg, ) are also identified. The only components remaining are F; and Fy. By

evaluating (A.2) at xg and x € N'(xg,d"),  # xo, obtain

Mt My (t
(A.5) ol _ g en | MO
M (t]x) Ma(t)
where
etml(x) etmg(az) Y 0
E(x,2' t) = JA =
etml(:z:’) etmg(x’) 0 (1 _ )\)

If the mixing distribution is non-degenerate,

Det(E(zg, ,t)) = etlmi@o)tma@)] _ thma(@)+ma(zo)]

— etlmi(zo)+ma(z)] (1 — et{[m1($)—m1(mo)]—[m2($)—m2($o)])
#0

for all x € N'(z0,0), © # o, t # 0, because of Assumption 3.1(ii), guaranteeing the invertibility of

E(zo,2,t). Moreover,

77§7ﬂ2(m0) 7tm1(:)30)

e (&

E(xo,z,t) = etlma(zo)+ma(zo)]
et{lmi(@)—mi(zo)]-ma(z0)}  t{lma(z)—m2(zo)]—m1(zo)}

Therefore E(zo,x,t) for all # € N(zg,d’) and t are identified from the above argument and Lemma

3.1. Evaluate (A.5) at an arbitrary z € N!(xo,8’) and solve it to determine M;j(-) and Ms(:). If

A =1, solve (A.5) directly to identify M; (or, alternatively, use the Moore-Penrose generalized inverse

as before). Since distribution functions are uniquely determined by their Laplace transforms (see, for

example, Feller (1968), p.233), F1(-) and F»(-) are uniquely determined. This completes the proof. [



Proof of Lemma 3.4. Define §(z) := ma(z) — my(z). Note

1+ 1= )\ zt&(x)¢2()

—  pitfmi(z)—ma(zo)] o1(t)
(A.6) p(x,t) e o @ezta(;po)@igt;

1-\ fzté(a:)%() 41

itima(x)—mao(x By P2(1)
(A7) —  gitlma(@)—mz(xo)]
—itS(zo) PL(E
12 t5(0)¢;78_|_1

The treatment of the case with A = 1 is trivial, thus we maintain that A € (0,1) in the rest of the
proof. It is enough to prove the necessity, since the sufficiency follows from (A.6) and (A.7), with the
constant in the second condition being either m;(x) — mi(xg) or ma(z) — ma(xo). So suppose the

necessity fails, i.e. Condition 3.2 holds but also

. P1(t) | _
(A.8) h?iffjp ¢2(t)‘ =C,C € (0,x]
and
(A.9) li?lilip zigg‘ =", C" € (0,00].

hold. Then if either C' or C” is finite (so suppose C' is) then there exists a sequence {t}72, such that

i;g:; = C. But then with the first part of Condition 3.2 and (A.7) we

limy_yoo tp = 00 and limg_oo

have to have

%e‘”k (z) $1(tk) +1

. d2(tx) 1
lim =1,2 € N (zo,¢).
1= o—ityd(x0) 91 (k) ’ ’
k—o00 X ity 0(xo) ¢;(t:) 41

which holds only if

Arg ((Z;EZDQ) - (tk[5(x) — 0(wo)] +2m B — t’“[(s(x)z; 5($0)]J>] =0

at every z € N'(zg,¢). Under the non-parallel hypothesis this is impossible. Finally, if both C

hm
k—o0

and C’ are infinite, then there exits two sequences {t;}, and {s;}72, such that limy_,o tr = o0,

e 221 = co. With (A.6) and (A.7), these imply

that for sufficiently small a

limy o0 S = 00, limp_y oo = oo and limy_,

plz,ty +a) — () — s (2
J s () =)=t
and
p(l’,8k+a) — molz) — molx
p s (PG5 = et e

hold simultaneously, which contradicts the second part of Condition 3.2 under the non-parallel as-

sumption. O
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Proof of Lemma 3.5. The proof proceeds in two steps. Step 1 considers the slopes of m; and my.

Using the results in Step 1, Step 2 establishes the identification of all the parameters.
(Step 1)

By (3.2)
(A.10) o(tlr) = A Dy (1) + (1 = A2 gy (2).
Suppose there exists an alternative set of parameters

()‘*7 mi('ra)v m’{(:z:b), mT(‘Tc)v m;(xa)v m;(xb)v m§(mc), Fl*()7 F;())

in R” x F(R)? such that
(A.11) F(z|lx) = N Ff(z — mj(x)) + (1 = \")F5 (2 — m5(z)), T = Xg, Thy Le

Let ¢] and ¢35 denote the characteristic functions of F}* and F;. Then

(A.12) Aetmi(@a) g (1) 4 (1 — N)ettm2(Ta) gy () = N ™) g (1) 4 (1 — N*)etma(@a) i (),
(A.13) Aetm@) g (1) 4 (1 — N)ett™2(@0) o (1) = NP ¥ () 4 (1 — N*)el™m2(@e) 3 (1),
(A.14) Aettm@) g (1) 4 (1 — N)et™2(T) gy (1) = N1 o (1) 4 (1 — N*)et™2 (@) g (1),

Let a and 3 be two arbitrary indices from the index set {a, b, c}. For a function f : RF — R, let Auogf
denote the differences of the values of f at z, and xg, that is, Aagf = f(za) — f(xg). Define the

following function of ¢ that also depends on functions f; : R¥ — R, f» : R¥ — R and indices a and f:

H(t; f1, fa, o0, B) = eitf2(za) (1 _ eit(Aaﬁ(frfz))

— (itha(wa) (1 _ eit{[fl(wa)—fl(x,e)]—[fz(ra)—fz(zﬁ)}}) ,

Now, multiply (A.13) by e®*2e™2 then subtract both sides from (A.12) to obtain
(A.15) AH (t;mz,m1, a,0)p1(t) + (1 — A H(t;m3, ma, a,b)pa(t) = N H(t;ms, m7, a,b)p](t).
Repeat this with (A.13) and e"*2«™3 replaced by (A.14) and e®fecms:
(A.16) MH (t;ms5, m1, a,¢)p1(t) + (1 — A H(t;m3, ma, a, ¢)p2(t) = N H(t;ms, mi, a,c)pi(t).
(A.15) and (A.16) imply

(A17)  AH(t;m3,ma, a,b)H(t;my,my, a,¢)é1(t) + (1 — N H(t;ma, ma, a, b)H (t; m3, my, a, ¢)da(t)
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= N"H (t;m3,my, a, b)H (t; 3, m3, a, ¢)$1 (1),
and
(A.18)  AH(t;m3,m7,a,b)H (t;m5,m1,a,c)p1(t) + (1 — A H(t; m3, m7, a,b)H(t; m3, ma, a, c)pa(t)
= NH (t;m3,my, a, b)H (t;ma, mi, a, ¢)$1 (t),
yielding
AH (t;m3, my, a,b)H (t;m5, m7, a,c)d1(t) + (1 — A H(t; m3, ma, a,b)H (t; m3,m7, a, c)da(t)
= AH (t;my, m7, a,b)H (t;my, my, a, c)¢1(t) + (1 — AN H(t;my, m7, a, b) H (t;m3, ma, a, ¢)ga (1),
or
(A.19)  A[H(t;m3,m7,a,b)H(t;m5, m1,a,c) — H(t;ms,m1,a,b)H(t;m5,mi, a,c)] ¢1(t)
= (1= X\) [H(t;m5,m],a,b)H(t;m3, ma,a,c) — H(t;m5, ma,a,b)H(t;m3, m7, a,c)] pa(t).
Divide both sides of (A.19) by ¢™i(®e) and rewriting:
At [(1 = gty (1 — gituzy _ (1 — gitus) (1 — itnis)] g, (1)
= (1—A)e™2 [(1— ™) (1 — e"22) — (1 — ""23)(1 — €""24)] o (2) for all ¢

where ur = ml(l'a), Uz = mQ(xa)a uil = Aab(mg - mT)a ui2 = Aac(mg - m1)7 uiz = Aab(mg - m1)7
U4 = Aac(mz - mé{)v ug21 = Aab(mz — méif) = U11 , U292 = Aac(mé _ m2), Ugg = Aab(mg . m2),
uza = Dae(mg —mi) = ua.

First, consider the non-degenerate case, i.e. A # 1. Define

Li(t)=(1- 6itu11)(1 _ eitulz) —(1- 6itu13)(1 _ eitul“)

and
Lo(t) = (1 — 6itu21)(1 _ ez’tu22) —(1- eitugg)(l _ 6“"24)’
then
o) L — A P2(t)
( ) 1() € b\ ¢1(t) 2() or a
We now use the condition
(A.21) i 220 _

t—00 1 (t)
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from Assumption 3.4 (the treatment of the case with limy_,o, z;gg = 0 is essentially identical). The

following argument shows that
(A.22) Li(t)=0 for all ¢.

Suppose (A.22) is false, i.e. suppose the set A = {t : Li(t) # 0, t € R} is non-empty. Pick
an arbitrary point g from A. Then there exists an € > 0 such that |Lq(tp)| > € > 0. But since
limy o0 eit('“?_“l)%if—gng(t) = 0 under (A.21), together with (A.20), there exists t1(e) € R such
that

(A.23) 1Ly (8)] < % for all t > t1(c).

Because of the definition of ¢y, it must be the case that ¢y < t;(e). Now, since Li(-) is a sum of
periodic functions, it is almost periodic (see, e.g. Dunford and Schwartz (1958))). Therefore there

exists a positive number (€) such that for all 7 € R one can find a §(7,¢,1(€)) € [7, 7+ I(€)] such that
(A.24) 1Ly (t) — Ly (t + &(m 6, 1(€)))] < % for all t € R.

In particular, evaluating (A.24) at t =ty and 7 = —tg + t1(€);

(A.25) Li(to) = Lalto +€7)] <

where £* = {(—to + ti(€),€,l(€))). But & € [—to + ti(e), —to + ti(€) + l(€)], therefore ¢ty + £* <
to —to +ti(e) = t1(e). By (A.23),
(4.26) Lilto+€7)I < 5.
Using the triangle inequality, (A.25) and (A.26), conclude that
L1 (to)| < [L1(to) — La(to + &)| + [La(to 4 €7)]

< €.

But the € was originally defined so that |L1(to)| > €, contradicting the last inequality. Since the choice
of tg € A was arbitrary, (A.22) is now proved.
Next, as A # 0, (A.20) and (A.22) imply that

$2(t)La(t) =0  for all ¢.

But by the basic properties a characteristic function, ¢9(+) is continuous and ¢2(1) = 0. Therefore for
ad>0, ¢a(t) # 0 for all t € [—d,d]. Tt follows that Lo(t) = 0 for all ¢t € [—d,d]. Moreover, L(t) is

analytic on the entire complex plane, and [—d, d] obviously has an accumulation point, therefore by
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the identity theorem of analytic functions, La(t) = 0 for all ¢ € R. In summary, Ly (t) = La(t) = 0 for

all t € R, or:

(A.27) (1 — 1) (1 — effz) — (1 — ¢ftus)(1 — itura) =
and

(A.28) (1 — eftuan) (1 — effuzz) _ (1 — ¢ituzs)(] — ¢itu2a) =

for all t. These conditions in turn identify the slopes of m; and ms, as shown by the subsequent
argument.

Consider the following set of conditions

(C1) Agp(my —my) = Agp(my —mq) and Age(my —mi) = Age(mz — ma),
(C2) Agp(my —my) = Agc(my — mi) and Agp(ms —my) = Age(mz — ma),
(C3) Agp(my —m7) = Agp(ms — m2) and Age(my — mI) = Agc(my — ma),
(C4) Agp(my —my) = Age(my —my) and Agp(ms — m2) = Age(my — ma).

Then by (A.27) and (A.28), if uj, # 0 for all j = 1,2,k = 1,2, 3,4, one of the following four cases has

to be true:

(D1): (C1) and (C3) hold;

(D2): (C1) and (C4) hold;
) and

(C3)

(C4)

(D3): (C2) and (C3) hold;

(D4): (C2) and (C4) hold.
1).

First, consider (D (C1) and (C3) imply Agpmi = Agmy and Agymi = Agpyme, respectively,
thereby yielding Agmi = Agpma, which violates Assumption 3.3(ii). Next, turn to (D2). From
(C1) get Agymi = Agymi and Agzemy = Agemy, therefore Apemy = Apemi. But (C4) also implies
Apeml = Apem and Apemd = Apema, hence Apemy = Apema, violating Assumption 3.3(ii). Since
(D3) is identical to (D2) except for the switched roles of m; and ma, it also violates Assumption 3.3(ii).
Finally, (D4) also leads to a violation of Assumption 3.3(ii), because the second equations of (C2) and
(C4) yield Apemy = Apema. As (D1)-(D4) are impossible, some of the wj;’s should be non-zero. To
consider the cases with some non-zero wjy, it is useful to introduce the following classification (note
that for ¢ = 1,2, if u;; = 0 for j =1 or 2 (3 or 4), then u;; =0 for j =3 or 4 (1 or 2),

Case (i): u11 =0

Case (ii): u12 = uiz3 =0
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Case (iii): u14 =0

Case (iv): ug; =0
Case V): U292 = U23 = 0

Case

~—~~ o~~~ N

vi): ugqg =0
First consider Case (i). Then H(t,m5 m}, a,b) = e?mi(za)(] — HAM3=mi))y — (. Therefore

(A.15) becomes

(A29) )\H(ta m§7 my,a, b)¢1 (t) + (1 - )‘)H(t? m;a ma,a, b)¢2(t) = 07
or

A « 1—Xoo(t) _.
(A.30) (1 _ eltAab(mg—ml)) + )\zfgtie—ztml(m)}[(t; mé, mo, a, b) =0.

Let t — oo, then again by (A.21), the third term goes to zero. Since the first term is periodic, it must
be the case that w13 = 0 for all t € R. Since 1 — A # 0 in the current analysis of the non-degenerate

case, H(t;m5,ma,a,b)p2(t) =0 for all ¢, or,
(1 —e™2)po(t) =0  for all t.

As argued before, this means

1—¢'™23 =0  forte[-d,d
for some d > 0. But this is possible iff usg3 = 0. In sum, w;; = 0 automatically implies that
uiz = uz3 = 0 as well. But the latter condition means Agp(mb — my) = 0 and Agy(ms — ma) = 0,
which in turn imply Ag(my — mg) = 0, thereby violating Assumption 3.3(ii).
Next, consider Case (ii). This case means that
(A.31) Agpmy = Agpmy,

*
Agemy = Agemy.

On top of this, (A.28) has to hold at the same time. First, suppose all ugg, k = 1,2,3,4 in (A.28) are
non-zero. Then (C3) and/or (C4) has to hold. Suppose (C3) holds. Then

(A.32) Agymi = Agpma,
Agemi = Agema.

(A.31) and (A.32) imply that slopes of m] and mj have to coincide with those of mg and my,
respectively, proving a part of the identification result. Next, suppose (C4) holds. In particular,

the second equation of (C4), together with (A.31) means that Ag(mi — ma) = Age(my — ma), or
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Apemy = Apemg, violating Assumption 3.3(ii). To complete the analysis of Case (ii), now suppose
some of ugp, k = 1,2,3,4 in (A.28) are zero. If ug; = 0, then u;; = 0, but we have already shown
that the latter condition leads to a violation of Assumption 3.3(ii). Next, suppose uz = 0, i.e.,
Agemb = Agema. But with the second equation of (A.31), Azemi = Ageme, again violating Assump-
tion 3.3(ii). If uaz = 0 or ugy = 0, it means at least one of ug; and uge must be zero, so the above
argument covers the cases. This completes the analysis of Case (ii); in sum, Case (ii) implies (A.31)
and (A.32).

Case (iii) is identical to Case (i), with the roles of the indices b and ¢ switched, therefore it violates
Assumption 3.3(ii). Case (iv) is identical to Case (i). Note that case (v) is identical to Case (ii) with
the role of the functions m; and mgy reversed. But the treatment of Case (ii) only uses Equations
(A.27) and (A.28), which are equivalent to (A.28) and (A.27), respectively, after switching m; and
mg. Therefore the above treatment of Case (ii) applies with m; and mg reversed; that is, Case (v)

implies that

(A.33) Agymi = Agymy,
Agem] = Agemy.

and

(A.34) Agpymy = Agpma,
Agemy = Agema.

Finally, Case (vi) is identical to Case (vi).

The above arguments prove that if the mixture model is non-degenerate, the only possible cases
are either (A): (A.31) and (A.32) hold, or (B): (A.33) and (A.34) hold. That is, the slopes of m; and
mg are identified, up to labeling.

Next consider the case where the mixture model is degenerate, i.e. A = 1. Then (A.11) is now

written as
(A.35) Fi(e — ma(@) = XF (= — mi(a)) + (1 - X)F (= — m3(a).
Define 032 = [ ¢2F(de) and 03® = [ €2Fy(de). Taking the conditional variance of both sides given ,

of = N (mi(2)? + 07%) + (1 = M) (m3(2)* + 057) — N'mi(2) + (1 = X )mj ()]

= N (1 = N)[mi(x) — mb(x)]® + Nof? + (1 — \)os? at © = 4,25 and z..
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This equation is used to establish identification for the degenerate case. In particular, it admits two

solutions:
(A.36) =1, oi?=02
(A.37) [m3(xa) — m3(wa)]? = [mi(xp) — m3(xp)]* = [m](xc) — mi ()]

(A.36) obviously leads to full identification: integrating both sides of (A.35) gives mj(z) = mq(x),
and this trivially determines Fy(z) = Fi(z) for all z. (A.37) implies that, for at least one pair of

points, (z,2’), say, out of the three points {4, zp, .}, the following holds:
(A.38) mji(z) — mj(z) = mi(z’) — m5(2').

Unlike the case with A\ < 1, this does not fully determine the slopes of m; and msg over {zq, zp, z.}; it

will be done in (Step 2).

(Step 2)

We now argue that A is identified whether the model is degenerate or not. Let m} (), =1,2,2 =
x1,xp, Te be (arbitrary) six numbers that satisfy (A.11). By (Step 1), in the case A # 1, they have
to satisfy (A.31) and (A.32), or, (A.33) and (A.34). Similarly, in the case A = 1, they have to satisfy
(A.38) (the case with (A.36) is trivial). For an arbitrary pair of points (z,2’) from the three support

points x4, Tp, T, define

Mo o) — 1 L2 El) = J 2P (d2la!) = (14 0)(mi () — ()
T el @) — i) — O+ ) (mi ) - mi@)

Then A is uniquely determined from the values m} (), =1,2,2 = x1,Tp, T by
(439 e i) o) T
using an argument as in the proof of Lemma 3.3, up to labeling. It holds whether A < 1 or not. (Note
that the maximization in the line above is unnecessary if A # 1, since \(x, ') is identical for all pairs
(z,2') in that case.) Let (Z,z’) be a maximizer of (A.39), which is possibly not unique.

Now, evaluating (3.6) at (z,z’) and (7’, Z), instead of (z,zp) and solving for m; and mg, obtain
m1(Z), ma(Z), m1(Z') and mo(Z') (m1(Z) and mq(Z’) in the degenerate case).

To identify F} and Fb, use

(A.40) =G(z, 7', t)A ,



where

G( / t) eitml(x) eith(I) A 0
x,x,t) = y b=
gitmi(a)  gitma(a’) 0 (1-2X)

instead of (A.5) in the proof of Lemma 3.3. Then
Det(G(z, 2, t)) = em@+ma@)] _ cithm (@) +ma(@)]
— pitlma(@)+ma (@) (1 _ ez‘t{[ml(az—)—ml<fc’>]—[m2<i’>—m2(@})

2mg
[ma(2) — ma ()] — [ma(2') — ma(2)]’
under Assumption 3.3(ii) if A < 1, therefore G(Z,,t) is invertible (and all of its elements are identi-

fied). This determines ¢;(t) and ¢2(t) for all ¢ # 0 for all ¢ # 6 L B @pd €2 (as

)—ma ()] =[m2(z)—m2

#0 for all t #

jEe.

before, solve (A.40) directly or using the Moore-Penrose inverse in the degenerate case to determine
¢1). Since ¢1(t) and ¢2(t) are continuous, they are identified on R. This identifies F} and F.

The foregoing argument shows that A, Fi(+), F»(-) and my(z) and ma(x) evaluated at two points
(i.e. Z and T’ defined right after (A.39)) out of the three support points {z4, zp, .}, are identified
Note that my and mq at the third point (= Z, say) is identified by the relation

o(t|7) = A @ g () + (1 — Ne™™2@ gy (t)  for all ¢.

Let
(t+7\50)
)\qbl(t + 7')

_ itrnm@ | L= A iatrma@) P2t + T)’
A 1(t+71)

g-(t) =

Then under (A.21) the second term converges to zero as 7 — oo, and if we write, for all ¢,

gr(t+c)

h(c) = lim 2" = glom (@)
( ) T—00 g’r(t)
then m(Z) is uniquely determined by the formula m4(z) = _Z}EIC()C).
If the model is non-degenerate, my(Z) is identified from e?"2(*) = ¢(tlf)(_1i€;;§;((;)¢1(t). O

Proof of Lemma 3.6. The proof of Part (i) is essentially in the proof of Lemma (3.1). For Part (ii),

j;fl—gg) S 0and 0 < A < 1. Let mha(z) := ma(x) — ma(zo) and note that

since
PRyeism@-ma@) el |y

isma(z)

1
p(s,x) =e
i}\e s(m1(zo)— m2(zo))ilg ; + 1



A-16 KITAMURA AND LAAGE
the ratio on the right hand side of this equality converges to 1 as s — co. Therefore we have

plz,s +a)

lim —t Log <
p(z,s)

s—00 @

i -
_ L iarng (z)
> — Log(e )

! (e 22 [ - )],

where Log corresponds to the principal value of the log. This limit is a piecewise continuous func-

tion of a, constant equal to my(z) only when a is small enough to guarantee arg(z) € (—m, ). If

limy o0 zf—gg — 0, we obtain the other equality in Lemma 3.6 (ii). If A =1, d(iis\fo)) = ¢"™m()  Thus
. =i d(s+alx) [ o(s|x) -1 1 ) 1 am(z)
lim — L = o | = - 2 )
it a8 <¢(s + alxp) <¢(s\x0) a arin () + 2m 2 2
]
Proof of Lemma 3.7. Similar to the proof of Lemma 3.2. O

Proof of Lemma 3.9. Recall that g(z) := my(z) — ma(z) and §(z,2’) := g(x) — g(2’) and that we
consider the case d(z1,x09) > 0. To obtain Equation (3.8), note that Equation (3.4) gives V(z, z) €
RFL F(z]z) = A (2 — my(2)) + (1 — A Fy(z — ma(x)) which implies

(A.41) V(z,y) € R¥, F(ma(z) + yla) = AF1(y) + (1 — A) Fa(ma(z) — ma(z) + y).

Applying Equation (A.41) to (xo,y) and (z1,y) and taking the difference, we obtain
F(my(z1) +ylz1) — F(ma(zo) + ylzo)

(A.42) = (1 =) [Fa(ma(z1) — ma(z1) +y) — Fa(ma(zo) — ma(zo) +y)] -

This implies that Fy(mq(x1) — ma(x1) +y) — Fa(mi(xg) — ma(xo) + y) is identified for all y € R. We
obtain identification of F» using these differences and the fact that Fy(z) converges to 1 as z — oo.

For a given z € R, apply Equation (A.42) to y = z — g(xp) to obtain

Pz + (1, 0)) — Fo(2) = 7 [z +ma(ea) — glwo)ler) — F(z +ma(eo) o)),

and to y = z + j0(x1,20) — g(zg) for any j € N to obtain
FQ(Z+(j + 1)5(%1,%0)) — FQ(Z +j(5($1,:130))

— % [F(z + jo(z1, o) + ma(z1) — g(xo)|z1) — F(z + j6(21, z0) + ma(zo)|zo))] -



Using im0 F2 (2 + (§ + 1)6(x1, z0)) = 1, the identifying equation for Fy(.) is

1

Fy(z) =1- T ;F(Z + jé(x1,20) +ma(x1) — g(xo)|21) — F(2 + jé(21,20) + m2(20)|70),

where the infinite sum is a convergent series of positive terms. Finally (3.4) identifies Fi(.) as

Fi(z) = < [F(z+ mi(x)) — (1 = N) Fa(z + mi(z) — ma(x)].

> =

A.3. PROOFS OF RESULTS IN SECTION 4

Proof of Lemma 4.1. Take ¢ small enough so Assumptions 4.1, 4.2, 4.3 and Condition 4.1 hold.
Then, by Assumption 4.3 there exists a &’ < ¢ such that either

Case (A): A(z) =1 for every z € N'(xq,d’)

Case (B): A(x) < 1 for every x € N'(zg,8") \ {zo}

=1 ifz' € (xg—0, 20],2 € N(zg,d
Case (C): \(x) (=0 o (@0, )

<1 ifz! € (zo,20+0),2 € N(z0,5)
or

=1 ifz! €lzg,z0+ ),z € N(zg,d
Case (D): A(z) (70,70 ) (0, 8)

<1 ifzt e (zg—J,20),x € N(xg,d).
Let z € N(x0,d"). Forq € (0,1), let z, := zo+q(x—z0). Also define riy (x, z4) := mi(x)—m1(z,),
ma(z, zq) := ma(z) — ma(xy). Our identification strategy consists of the following steps:
Step 0: Fix ¢ € (0,1).
Step 1: Calculate

1
r(00, x, xq) == tlgélo n log R(t, x, xq)

1
r(—o0,x, xq) 1= tlil_noo : log R(t, z,z4)

This step is used to identify slopes connecting the points z and .
Step 2: Calculate
Kio(z,2q) == tlgélo Kioot(z,2q), K_oo(z,24) := tii{noo K_i(x,2q).
Check if Ko (z,24) = K_oo(x,x4) or not. If it is, let A(xq) = limcjg Ae(, 24) Where

Elz|z] — E[z]2'] — (1 + ¢) lim¢—, oo 1+ log R(t, 2, 2")

Ae(z,2') = .
el z) limy 00 7log R(t, z,2") — (1 + ¢) limy—,_ o 1 log R(t, z,2')
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If not, \(z,) = A(z,x,) where

N 1-K_o(z,2)
N oo\ &L,
Acle, @) = Kio(z,2') — K_oo(z,2’)

Step 3: Let ¢ — 0.

We first apply Steps 0-2 to Cases (A)-(D).

Case (A): Step 1 yields r(oco,z,z4) = r(—00,z,24) = mi(x,z4) := mi(x) — mi(zq), as in this
case,
etml(x) iri
— — (z,2q)
R(t,x,xq) = etml(xq) = 'M1{T,Tq
and

%log Rz, t) = 1y (2, 2),
identifying the slope 7 (z,z,). We see that Condition 4.1(i) fails in this case. On the other hand
this means Ko t(z,2q) = K_oot(z,24) = 1 for every (t,z,q), therefore Condition 4.1(ii) holds.
Proceeding to Step 2, it holds that Ko (2,2,) = K_oo(x, z4) = ™ &%) exp(—try (z,2,)) = 1, and

as in the proof of Lemma 3.2 we see lim.|o A¢(2,24) = 1 in this case.

Case (B): First suppose Condition 4.1(i) holds. Applying Step 1, the two slopes (m(z) —
mi(zq), ma(x) — ma(zy)) are identified as in the proof of Lemma 3.1. Take 6” < ¢ as in the proof
of Lemma 3.1. We first consider the case with ¢t tending to +oo. If h(+e,t,24) = O(1) holds for ¢

tending to 400, then according to the proof of Lemma 3.1 we have

1
lim n log R(t, z,xq) = (400, 2, 24) = mi(x) — mi(zq),
—00

and with Condition 4.1(i)

1
Er_n n log R(t,z,xq) = r(—00,2,24) = ma(x) — ma(zq),

for € N*(z0,9”). In Step 2, note

A(z) 1—XA(z)
Kioo(z,xq) = and K_o(z,24) = ———.
R YEN )T
With these results we see Koo (x, xq) # K_oo(x, 4) iff M) # A(zg). If AM(2) # A(xq), note that
3 1- K—oo )
) = DI \(z,)

a K+00(x’ xQ) - K—00($7$Q)
which identifies A(x4) since the left-hand side is identified. If Ko (x, 24) = K_o(x, z4) we can obtain

A(zq) by limcjg Ae(x, 4), as noted in the proof of Lemma 3.2.



If 1/h(£e,t,z1) = O(1), we have

.1 B M)
t_lir_noo n log R(t, z,xq) = mi(x) — mi(zq), K_oo(x,24) = Neg)
and
1 1—\(x)
Jim — log R(t, @, 2q) = ma(x) — ma(zq), Kioo(@,7q) = = May)
respectively, and if Kioo(z,24) # K_oo(T,,), M, 2,) = K+w%;i‘)i°l(éz)(m 0y = 1= Mzg). If

Kioo(z,2q) = K_oo(z,24), we have lim.jg Ae(x, 24) = 1 — A(2g).

If both h(+xe,t,z4) = O(1) and 1/h(=£e, t,z4) = O(1) hold, D(z,) = 0. If D(z) > 0, for exam-
ple, then r(z,z4, —00) = mi(x,x4) and r(z, x4, +00) = ma(x,z4). In this case, Condition 4.1(i) is
automatically satisfied. Moreover, A(z,) is identified as above.

Next, suppose Condition 4.1(i) fails under Case (B). Wlog suppose r(+00, z,z4) = 111 (z), then
A@) + (1= A())etP@ 20

Azg) + (1 — A(xq»ew(xq)%j—gg

(A1) Kioot(z,2q) =

so for Condition 4.1(ii) to hold we need

tD(x) Ma(t) = Mzg) + (1 — A(mq))etD(wq)M

)\(l’) + (1 - )‘(:L'))e Ml(t) Ml(t)

or
Az) = Azg) — | ptD(zq) _ 1 - A(z) otD(2) M2(t)'
1= A(zq) 1 — A(zq) My (t)

Note that A(z) # A(x4) as otherwise K (z,24) = 1 for all ¢ would imply together with Equation

(A.1) that D(x) = D(z4) which does not satisfy Condition 4.1(ii) by the non-parallel assumption.
Thus by Assumption 4.1(iii), there exists z1 # x4 in N*(z¢,d’) such that A(z1) # A(z,). Then

A(QI&%") e 1) D) Do)
A(l_)%(ﬂ 1 — et~ Do)
C1- AL etlina ()i )]
1— %et[m(m)—mlmn'

In view of the non-parallel assumption again, the right hand side does not depend on t only if A\(z) = 1,
which is a contradiction. That is, in Case (B), under Condition 4.1 it has to be the case that Condition

4.1(i) holds, a situation already covered earlier.

Case (C): If z1 € (g — &', 0] proceed as in Case (A) to identify 7 (x,z,) and A(z,) (the latter

being 1 in this case). Otherwise, note that then A\(x1) < 1 and A(z4) < 1: proceed as in Case (B).
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Case (D): If 2! € [x0, 20 + &) proceed as in Case (A) to identify 11 (z,z,) and A(z,) (the latter

being 1 in this case). Otherwise proceed as in Case (B).

Finally apply Step 3, and under the continuity assumption we obtain the desired conclusion.

O

Proof of Lemma 4.2. Given Lemma 4.1 the only remaining task is to identify the levels of m; and
ma at xg, F1 and F. Using the notation introduced in the proof of Lemma 4.1, with an additional

definition

write

Elz|x] — Elz|zo] = Ax)[rin1 (z) — riva ()] + A(@)[ma (o) — ma(wo)].
If AM(z) # A(xo) then we can proceed as in the proof of Lemma 3.3 to show that mq(z¢) and ma(zo)
are identified. Accordingly, consider the case A(z) # A(zg). Define

Efz]2] — E[2[zo] — A2)[riu (z) — ra(2)]
A(z)

c(x) ==

which is observable by Lemma 4.1, then ¢(z) = mi(xg) — ma(zg), and we obtain

c(x) 1 1 m1(xo)
E[z|x] Az) 1—=XA=x) /] |ma(xo)

Since the determinant of the matrix on the right hand side is unity, once again m;(z¢) and ma(x¢)
are identified. Finally, we proceed as in as in the proof of Lemma 3.3 to identify F; and Fb, though

here the 2-by-2 matrix in the following display does not factorize:
M (t|z) Az)et™ @) (1 = \(z))etm (@) m1(zo)

(A.2) = , for every t € R.
M (t|zo) )\(:co)etml(x) (1-— A(mo))et’"?(m) ma(zo)

Nevertheless, its determinant is, if A(xg) # 1

A@)(1 = Azo))e!tm@rmaaoll - \(zg)(1 — A(w))ellm (o) Fma(@)]

Az) 1—M\x)

et (@) —rma(z)] _

- AMa0) (1 = A(zg) el (@) tma(@)] {

which is non-zero for almost all ¢t under the non-parallel condition. Therefore (A.2) uniquely determines

M; and My, hence F; and Fb. The treatment of the case with A(xzg) = 1 is straightforward. O

A(zo) 1= Azo)

|
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A.4. PROOFS OF RESULTS IN SECTION 5

A.4.1. Some intuition when J = 3. To see how the treatment of general mixtures differs from the

J = 2 case, consider the case J = 3. Instead of Equation (A.2), we now have
(A1) M (t|z) = Me™ @M, (8) 4+ Aae™2 @ Mo(8) + Age™ @ My (t), A+ Ao + Ag = 1.

Wlog, suppose mj(x) > ma(x) > ms(x) at a point x in R¥. Take a point 2’ in the neighborhood of .
The method used in the proof of Lemma 3.1 to identify the J = 2 model still works for the slopes of

mq and m3. Indeed, consider for x and a point in its neighborhood z’,

L <M(t‘x/)> - <)\letm1(‘”/)M1(t) + Aoe™2 @M (1) + /\3€tm3(x/)M3(t)>

¢ M(tlz) ) ¢ 1€t @) M (8) + Aoetm2(@) My (t) + Aget™s(@) My (t)
(A.2) m (x') mi(x) + ! log b %et[m(f)_ml(f” %38 + /A\*fet[mwl)_ml(x,)] %fgg
. - - t A2 t[ma(z)—ma (z)] M2(t A3 t[ms (@) —ma (z)] Ma(t
t 1+ R2etma(@)-mi(@)] MfEt§ + 2 tlma(@)—m ()] Mi’8

Suppose the ratios Ma(t)/Mi(t) and Ms(t)/Mi(t) do not explode exponentially, m1, my and mg are
continuous and 2’ is close enough to = so that meo(z') — my(2’) and mg(z’) — my(a’) are negative.
Then as ¢t grows to infinity, the above expression approaches the slope mq(z') — mq(z). Similarly, by
taking the limit ¢ — —oo, the slope of mg is identified. This argument, however, leaves the slope
of the middle term ms undetermined. And in the general case of J > 3, J — 2 slopes remain to be
determined. The approach in Lemma 3.1 does fall short of achieving its goal when applied to models
with J > 3.

It is, however, possible to identify the slope of mgy by proceeding as follows. Suppose, evaluated
at x, the regression functions satisfy the inequality mq(z) > mao(z) > ms(z). Pick a point y in a

neighborhood of . Multiply (A.1) by e~tm1(@)=m1®)] to obtain

(A.3) e tm@=m@Ipr(¢z) =A™ W My (¢)

+ )\2675{7"2(90)—[7"1(95)—"11 (y)]}M2 (t) + )\36'5{7713(5’3)—[7711 (I)—ml(y)}}Mg (t).

This purges x out of the first term on the right hand side. Note [m;(z) — m(y)] is identified by the
above argument. Therefore the left hand side of the above equation is known.

The above step enables us to eliminate all unknown parameters associated with the first mixture
component. To see this, suppose mj, j = 1,2, 3 are differentiable in at least one of first kx elements of
r = (2',2%,...,2%). In what follows we assume that it is differentiable in the first element z' without

loss of generality. As before, we assume that this is a prior knowledge. We often write D, instead of
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D, to lighten notations. Differentiating both sides of (A.3) with respect to (wrt) z! and rearranging,
(Ad4) D, [e—ﬂm(ﬂﬁ)—ml(yﬂM(tm) = tAo[Dyma(z) — Dym (z)]em2@—Imi@-m@)} pp, 1)

+ tA3[Dyms(x) — Dymy (z)]ettms@=Im@=m@l} pry (),

Note that applying D, eliminates the unknown function Mj(t) from of the right hand side of (A.4).

We now have

gt log ( D, {eft[ml(:v)*ml(y)] M(ﬂx)b . 2,
where
9
Ay —% + {ma(z) — [m1(z) — my1(y)]} + 8%?;;)
E[Dxmg(l') _Dmml(x)] 1 malz) — [ma(z) —m etms (@) —ma(2)] M3(t)
L [Dams () = Dama ()] 4ime (2)—ma(2)] 28 M3(F)
)\2 [DI’ITLQ(QS‘) — Dzml(a:)] Mg(t) ’

_ E [Dymg(x) — Dymy ($)]et[m3(z)fm2(l“)]M37(t)
4, =1 )= Do (a)] Ma(t)

Note that the factor Dymso(x) — Dymq(z) is non-zero if the two regression functions are not parallel

at x. If % and 2 K/IJ‘Q/[:” do not explode exponentially, all the terms above except for the second and

third terms of A; and the first term of Ay converge to zero as t — oo. It follows that

(A5) lim {gtlog (Do [emtim@=-m) M(”)D} = {ma(@) — 1 (2) — ma(y)]} + Jim %éﬁg)

. S 9 Mo(t . .
The only unknown component in the above equation is lim;— ‘%W(Qt()), which we assume is well

defined here to simplify the exposition. But this term can be differenced out: indeed, repeat the
above argument with replacing x € R¥ with a point z € R¥ close to = that my(z) > ma(2) > m3(z).

This yields

tlgglo {;10% (Dz [e—t[ml(Z)—ml(y)]M(ﬂz)]>} = {ma(z) — [mi(z) —m1(y)]} + JEQO %\Z?;)t)

The slope of mg is

D, [e~tmi @) -m )] pr¢
mQ(x) - m2(z) lim g log ( [6 ( ‘.%')]

T ot D, [e-tm ) -mIM (t]2)] > + (m1(z) —ma(2)).

The term m;(xz) —m;(z) on the right hand side is identified as noted earlier. Thus the equation above
shows the identifiability of the slope of msy. Note that in the main identification argument we will not

assume that lim; o %Mg(t)/MQ(t) exists.
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We have already noted that the identifiability of the slope of mgs basically follows from Lemma 3.1.
It is nevertheless instructive to present an alternative way to identify it by carrying on the foregoing
analysis one step further. This will illustrate the basic idea behind our general identification theory
for J € N. Let us return to Equation (A.4), changing the notation and writing z, for z, x; for y. We
will also write x. for z. The first step is to purge x, from the first term on the right hand side, as we

did in Equation (A.3), as follows:
e~ tAapma—Agymi]

t[Dz,m2(20) — Dgymi(4)]

D,, [e‘mabml M (t|zq)]

D$Qm3($a) - Dzaml (l’a)

— Noettm2@o)} pro ) )
2€ 2(t) + 3Dzam2(xa) ~ D,

elt{ma(ﬂta)—Aabmz}]\/[3 (t),

mi(xq)

which yields

e_t[Aame_Aabml}

(A.6) Dxa [t[ Dxa [G_tAabmlM(ﬂl‘a)}]

Dy,ma(wa) — Dy,mi(74)]

Dy, m3(xq) — Dy, mi(z4)

Y {[Dm - H(Da,ms(x0) — Dy, ma(z)) }et{mm)—ﬁabmﬂMg(t»

Dxam2($a) - Dxaml(xa)
Notice that this eliminates the unknown moment generating function Mas(t). Differentiating the above
expression with respect to ¢ and following the line of argument presented above, the slope of mg is
given by

e~ tAgpma—Agym]
t[Dzgm2(a)—Dggmi(xa)]

e~ tAcpma—Acymy]
H[De,ma(@e)—Dagrn (20)]

D, [e*tAﬂbmlM(t\xa)]

[etAeems M (t.)]

a

Dy

+ Agems.

Aa(:'rn?) = tllglo g log

ot

c

A.4.2. Arbitrary J. We consider the neighborhood N!(z,,d’) where &' < 6 and where for all z €
NY(z4,8"), mpi(z) < e—Aif k> 1and (Dymy)—1._s take J distinct values. We start with proving
the following result, where S(z,) is defined in (A.17).

Lemma A.1. Vz, € S(z,),
J .
(A7) Qr(xa,t) = Y NRy(t, xq)eMmitra)=Bamial i (4), k=123, J.
j=k

Proof of Lemma A.1. Start from k = 2. Then

0

Farle S M ()]

Q2($aa t) =

J
_ Z A] (tha [m] (xa) —my (.fa)])@t[mj (Ia)*Aabml]Mj (t)
Jj=2
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t To)e 75[mj(»’L‘a)—Aazﬂm]]\4j(t)7

Mk‘

j=2
yielding the desired representation for the case of k = 2. Then Ra(t,7,) = R3(t,74) = tDy, [ma(zs) —
mi(xq)]. Looking at k = 3,

Q3(xau t) = A(I’a, L, t) Z)QQ(J:(M t)

B 0
Ol

a

eft[Aabm2 7Aabml]

R2(t7 xa)

Rj(tvxa) Rj(tvxa) mi(xrg)— m
Aj{Dma o) T Rt o) Deelmi(ea) = ma(aa)] p el Samlag )

QZ (-raa t)

I
Mk‘

<.
Il
W

N RY(t, ) elmi(@a) =Babmal p (),

I
Mk‘

<.
Il
w

and the j = 2 term in the summation drops out. Note that the above step requires that Ry (¢, z,) is non-
zero: this issue is discussed in Remark A.1. The fact that Qx(z4,t),k = 4,...,J has a representation

as in (A.7) can be shown by induction: suppose (A.7) holds for k = h, that is

0 (Tat Z/\ RJ t,xq)e tmj(za)=Bavmn—1] pr. (¢ (1)
Using the definition of the operator A(zq,zp,t, h) in (5.3) and of the Ri functions, we obtain
Qh+l (.’Ea, t) = A(.’L’a, Zp, t, h)Qh(xav t)

J
= 3 A w1, 1) (B (1, ) o) damaal) (1)

j=h
:Dza)\he—tmh,(a:b)Mh t)+ Dy, Z /\ t Zq) t[mj(xa)—Aabmh]Mj(t)
j=h+1 h a
J
R) (t,z4) R (t
= 3 N Day | | + D, [y () — ()] el @Rl a1
J—Zh;rl ’ { <RZ( ,l’a)> RZ(t7xa) !
J
= ) MR (tm)e! ) Sl pr (1),
j=h+1
which is the desired result. O

The two following propositions, Propositions A.1 and A.2, are useful in proving Lemma 5.1. In

what follows, deg,(f) and lci(f) denote the degree and the leading coefficients of a polynomial f(¢)
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with respect to t. We also sometimes write
R} = R (t,x)
mg = mg(z) — my(z).

as short hand.

Proposition A.1. Suppose v € N'(z4,8"). Then Ry(t,z) is a rational function of t for sufficiently
large t and takes the following form:

Pk(t, l‘)

Rk(ta JJ) - Pkfl(t,.%')Q

where Py(t,x),k > 3 are polynomials in t such that
degy(Py(t, =) = 2872 —1
and
Loy (Py(t, 7)) = (Tg—{ D (i () — my ()23 { (T2 Da(m () — ma(2))* ).
Proof of Proposition A.1. The recursive formula in Lemma A.1 is
(A8) Rl =Dy (;;) D=1,
with initial conditions
(A.9) R}, =tD,amj1,j=1,...,J.

For k =2,

, R Rj
R% =D <R§> +1 R2D 152

2
D, .im;q D, imi
=D, r ) +t== J Dx1mj72
Dm1m271 DxlmQ,l
2 2
leijDxl m271 — lemglexlij + tDl,lmjlexlmngxlmQJ
(Dx1m271)2
J
(Dyima)?

where

2
Pg = D? 1M, 1D$1m2 1— Dxlmg’lDzlij + tD$1mj,1Dz1mj’2D$1m271.
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Note that Pg depends on z (where m’s are evaluated) and ¢, so it can be interpreted as shorthand for

Pg (x,t). Then
. RJ Rj
Ri = D:E <R3> + tR3 Dm1mj,3

Pj Pj
=Dy <P3> +tP§Dx1mj,3

D1 P]P} — P}Dyi P 4+ tP{P§Dyim; 5
(P3)?

(B
where
P] = Dy P]P} — P}Dy1 P + tP]P{Dyimy 3.
Note that P§ # 0 at least for large ¢, therefore the above representation of Rj is valid. From here we

can argue by induction. Suppose Ph ! 1 # 0, which we justify in Remark A.1. Assume as well that for

k = h, R{L can be written as

j P,
A.10 Ry = —2—,
A0 R

where Pj and Ph 1, J=1,...,J satisfy the following relationship

(A.11) Pl =DuaP P! — Pl  DaPMl4tP]  PMDamg .

Then as in the case of h = 4 above,
R} R
R{L 1= =D, <h) +t—LpD 11k
o=\ ) R

(PIZ> z
=D, +t——D_ 1m;p
h h—% 75
Ph Ph
Dy PP} — P D, Pl + tP/ PPD,imj
(Pp)?

J
_ P

(B2

with

Pl =D PPl — PlD, P!+ tP]PID,im;,
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i.e., if (A.10) and (A.11) hold for k£ = h, they also hold for k = h + 1. In short, the original system of

equations (A.8) and (A.9) that determine Ri can be rewritten in terms of P,g s as follows:

(A.12) Pl =1, P, =DuPlP!— P/DaP}+tP]P'Dmjp,
j
(A.13) R = %, 1<k, j<J.
(Feor)?

The fact that Plj =1,j =1,...J are appropriate initial conditions can be easily verified. In particular,

(A.12) implies that
(A.14) Pt =D P Pl — PIYYD Pl 4+ t PP P D am e

Note that (A.14) with initial values Pl = P} recursively generates expressions of Py(-, ") = P,z (), k=

2,....J,7 =k, ..., J that have some useful properties including

(Replacement Property of P,{ ): P,Z, j=h+1,..,J are obtained by replacing my, in the expression for
Pl with mj,j =1,...,J.

To see this, first note that P2j =tD,amj1,j = 2,...,J according to (A.12), therefore this claim
applies to the case of k = 2. But (A.12) also shows that if the claim applies to k = h, it holds for
k =h+ 1 as well. The property holds for all £ by induction.

Noting this property, it is easy to see that Py(-,-) = P,f(-, ),k = 2,...,J are polynomials in ¢
where their coefficients are functions of derivatives of m’s. First, it trivially holds for & = 2 since

P2j =tD,amj1,j = 2,...,J. Now, suppose the claim holds for £ = h. Then by (A.14) P}]fjll is a
polynomial with the stated property, and by the replacement property, so are ,]L s =h+2,.,J
That is, the claim holds for kK = h + 1. By induction, the claim holds for k = 2,...,J. In particular,
we now know that P, = P,ff, k =3,...,J are polynomials in ¢, as claimed in the Proposition.

It remains to verify the formulae for deg,(P;) and lc¢(Pj) given in the Proposition. Start with

k = 3. It implies that

3 2 2
P3 = Dmlm&llemQJ — Dm1 m271Dm1 ms3 + tDml m3,1Dx1m3,2Dx1m2,1,

therefore deg, P3 = 1 and lc,(P3) = D,ima 1 Dyimg 2Dyimo 1, which are certainly consistent with the
proposition. Now suppose the Proposition holds for k = I: P is a polynomial with deg,(F;) = 2i=2_1
and le,(Py(t, x)) = (T4 Dy ) TG { (5,2 Dymyn)* ' ).

Since € N1(x4,0"), (Dyimy)i=1..; take J distinct values, and lcg(Py(t, z)) # 0. Also, the above

observation that Pll and Plj are identical except for the replacement of m; with m;, for all j > [ implies
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that
(A.15) deg,(P}) = degy(F}), Vj > 1,
and
le (P (t, 7)) = (I Dyamygy ) IS {1 Dy )}
# 0.

Using the recursion formula (A.14) with h = [ and noting that degt(DgﬂP,?HP,’lI - P£+1Dx1P,?) <

deg, (Pll'HPll), we have
(A.16) deg,(P[{}) = 2degy(F)) +1

and
lct(leill) = 1Ct(le+1)ICt(Pll)Dx1ml+1,z
. L
= (I, Dy )T {(TH Dy )* )

Moreover, solving the difference equation (A.16) under the initial condition deg,(P35) = 1,
k=4
deg,(PF) = Z 2 4 k=3
j=0
=2k2_1.
O

Remark A.1. Since P, = P,f, k =1,...,J are polynomials, they are nonzero for sufficiently large t.
This justifies dividing by Py in the above proof. Thus by Proposition A.1, Ry # 0 for sufficiently large
t for k =2,3,...,J and the set

(A.17) S(za) = {t|Ri(t, z4) # 0 for all k}

is non-empty; it includes (for example) the set [c,00) for some constant c¢. This is important in

applying Lemma A.1.

Proposition A.2.
.0
tlg(r)lo 5 log R(x,t) =0

for allt € R and x € N'(x,,0).
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Proof of Proposition A.2. By the expression of Ri(z,t) given in Proposition A.1,

Py(t, )

0 0
lim — 1 t 1 —log ———=
im og R(x,t) = lim og Po(t.2)?

t—00 —oo Ot

0 .0
= lim a—long(t x) — 2tlggloalong_1(t,x).

t—o00

By Proposition A.1, Ry(z,t), Py(x,t) and P,_;(x,t) are well defined for large ¢, and since Py (¢, ) and

Py, (t,x) are polynomials in ¢ with finite degree, so are the above limits which are both zero. ]

Proof of Lemma 5.1. By Lemma A.1 and Proposition A.1,

J
(A.18) Qr(za,t) = Z)\jRi(t,wa)et[mj(x“)_Aabmk—ﬂMj(t), k=2,3,..,J,
j=k

holds for sufficiently large ¢. Then

J

7Qk xa’ Z < t xa) + [mj(xa) - Aabmkl]Ri(tn’Ba)) €t[mj(x“)_Aabmk_ﬂMj(t)
j=k
J
tim;(x m 0
Z t xa J( a) Agpmy— l]ath<t)

and, for k < J,

%Qk’ (xaa t)
Qk(xay t)

2R t,Tq) My (t)
% + mk(xa) — Agpmyp—1 + Mklzt()

o 108(Qu(a 1)) =

Aj R'(txa) m; k(Ta M;(t)
1 + Z] k+1 Ak Rk(t .’Ea)et k( )Mk(t)
t,zq m za) M
Zi:k-&-l _(mh(%) — Aapmy— 1>§Z ngt xaget il a)MZE'g}

(A.19)

J A RL(6,2a) . . D M;®)
T4+ e 5 Rrltoa) € ik )Mz(t)

e

3
ZJ )‘h é)tR (t xa) etmh,k(xa) M}L(t) )\7h Rz(tﬂ;a) tmh,k(ﬁa) WMh(t)
h=k+1 M (t)

Ak Rk(t Zq) ( Ak Rk(t Zq) Mk(t)
* 1 A Ry (t.za) tmj g (a) Mj(t)
SRR o o Cl v )

Using (A.13), for all A > k,

Rit,x,)  PA(twa) /(P (H2a))? Pt x,)
Ri(t,za)  PE(taa)(PF Lt 2,))2  PE(txa)

As noted in the proof of Proposition A.1, both P,?(t, xq) and P,f(t, x4) are polynomials in ¢, P,f(t, Tq) #

0 for sufficiently large t, and their degrees are equal. Hence their ratio goes to a constant as t goes to
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infinity: .

=C .
t—00 Rk(t7$a) h:kyxa

Thus we also have, as in Proposition A.2,

i TR T) o SRR 20) R 1)
t—o0 Rk(t,xa) t—o0 RZ(t,xa> Rk(t,$a)

By Assumption 5.2 (iv), since my ,(x,) < —A, the second and third lines of (A.19) converge to zero
as t goes to +00. Recall that ¢’ is such that for all z € N(z4,0"), mpi(z) < e — A. Note that (A.19)
holds for any x;, € R¥, thus we take x;, € N'(z4,6’). Note too that we can write (A.19) replacing

with xp, the Agymy, terms being equal to 0. Then

7 . .
Qlog (Qk(%uﬂ) _ Z A Metmj,k(xa) _ Metmj,k(xb) W (1+0(1))
ot Qr(zp,1) ) tortoo = N \ Bi(t,74) Ry (t, ) Mi(t)?
+ Agpmy — Agymy—1 + o(1)
J o)
_ay Mj(t) 5 My (t)
_ _(e—A)t J ot
t—):—oo Z 0]6( ) W O(l) + Aabmk - Aab7nk—1 + 0(1)

j=k+1

Agymy, — Agymp—1 + o(1)

t%ioo
where in the second equality, ¢;, 7 = £+ 1,..., J are constant numbers and where the third equality

holds by Assumption 5.2 (iv). O

Proof of Lemma 5.2. Lemma 5.1 together with the proof of identifiability of A,ym, allow, by in-
duction, the identifiability of the slopes Agymy, for all 2, € N(x,,d') and for all k = 1,..., J:

o1 M(t|z,)
A =1 —1 —_— 7
bl = R Og(M<t|xb>)’

k
&0 (Qulwat)
Aabmk = E th—}go a log <Qk(xb,t) + Aabml.

Thus =Z(zg, X) is identified. Following arguments in the proof of Lemma 3.3, since

J

M(0lzg) — M(Olz) = Nil(mi(wo) — mi(x)) — (my(2o) — my(x))] + (my(zo) — my(x)),
=1
we can write

M (0|z) — M(0|x1) A1 Ao imy
: =E(zo, X) | : |+
M (0lzo) — M(0|zs—1) AJ-1 Ao, j—1my
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By Assumption 5.3, the ()j);=1..7—1 are identified with the formula
A1 M(O\xo) — M(O\xl) Ag1my
= Z(20, X)) : — :
AJ_1 M(O\xo) — M(O\mJ_l) Ao, j—1my
To identify (m;(zo))j=1..;, we let

J

C(x) = $ M(0lao) — M(0]x) + > Ajlmy(xo) — my(x)]* p /2
j=1
and one can show that
J
C($k> = Z )‘j mj($0) A07kmj.
=1
This gives
C(x1)
. m1(zo)
:B($O7X)dzag(A17”'7AJ) E M
C(:L‘J_l)
. m (o)
M (0|zo)
where
A071m1 e A0,1'rnJ
B(z,X) = : K : is identified.
Ao j—1m1 ... Agy_1my
1 . 1

Since det B(zg, X) = det Z(zo, X ), B(zo, X) is invertible. Moreover, since \;, j = 1..J are assumed

to be nonzero, i.e. J is known, we obtain the following identification result:

Cl(x
ma (o) )
= diag(\] ', ..., A1) B(wo, X)
my(zo) C(@s-1)

e NE(0o)

Note that this identifies (m;(z))j=1. s for all z € N'(z,,8’) using knowledge of the slopes. We now
identify the distributions (F}(-))j=1.s. For J generic points (cx)g=1.s € N'(z0,8')’, we have
M (t|cy) M;(t)
: = D(t,c1,...,cg) diag(A1, ..., \J) : ,
M(t|ey) M, ()
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where D(t,cy,...,cy) is the matrix (etmi(ci))lgi’ng. Note that D(t,cy,...,cy) is identified. We prove
below in Proposition A.3 that there exists a vector X (/) = (xg‘]), ,$S‘]_)1) € Nl(z4,0)7 1 of size
(J — 1) such that the set Z = {t € R|det D(t,xo,xg‘]), ,x(JJ_)l) = 0} is finite. Hence, we can invert
D(t,z0,2\",...,2"))) for all t € R\ Z, which identifies (M;(t));—1_s for all t € R\Z. By Assumption
5.3, (Mj(t))j=1., have domain (—oo,+400) thus they are continuous on R. For each Mj, there is
a unique continuous extension on R of its restriction to R\Z; the J functions are identified. By
uniqueness of the Laplace transform, this leads to the identification of the distributions (Fj(-));j=1..;.

0

Proposition A.3. There exists X(/) = (xg‘]), ,wf]‘]jl) € N(zg,0") =1 such that
z = {t € R|det D(t, 9,28, ..., 2\, = 0}
is a finite set.

Proof of Proposition A.3.
D(t, Clyeeny CJ) = (etmj(ci))lgi’jSJ

Writing S;, the set of permutations of the first n natural numbers and sign(o) the signature of a
J
permutation o, we have det D(t,cq,...,c5) = ZaeSJ sign(o) et 2i=1 Mo (i),

Step 1: We call V(o,¢) = Z;le Mgy (¢i), where ¢ = (cq, ...,c5) € N'(x0,4'), and our goal is now to

construct a vector ¢/) = (CSJ), . CSJ)) such that there is a unique permutation maximizing V'(, e )).

We fix () = (cgl),...,cgl)) € Nl(z0,0")’, A1 = ngxV(U, My, 2 = {o € Sy|V(e,cW) =4}
gED g
and By = max V(o, c(l)). If B, exists, then B; < A;. We consider a vector ¢(? which differs from

c€SJ\E1
¢ only in the first component. This first component is a point in R* and we consider a variation

only in its first covariate, with respect to which the (mJ) j=1...; are J times differentiable.
Vo € 85,V (0,¢®) = V(e, D) + moqy (V) = moy ().

For all z € N'(z0,8"), (Dyim;(z))j=1.; take distinct values:  argmax Dxlms(cgl)) is a sin-
se{o(1)|ocex1}
gleton set {s1}. Hence, since the m; functions are at least twice differentiable, they are continuously

differentiable, we can choose c§2) € Nl(zg,d) close enough from cgl) so that

2 1 2 1
ms, () = ma (¢1) = ma moq)(”) = maq (e,

and if By exists,

A — B
52)) —mi(cy’) < Pl vi<
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Therefore, constructing 3o = {o € X1|0(1) = s1} (X2 # 0 by construction), Ay = max Vo, ),
oeSy

and By = rglaicz Vo, 0(2)), we know that By exists and By < As. We repeat the same process with
oED g\ 12

the second component of ¢(2) and construct so, X3, ¢(®, A3 and Bs, and then we repeat it with the
third component of ¢® and so on, until |¥;| = 1 for some . If this is not the case for some i < .J,

then constructing each of the elements until ¢« = J, we have
Yy = {U S 21’0'(1) = 81,...,U(J — 1) = SJ_1},

implying [¥;| = 1. The vector and the permutation eventually obtained are called ¢(/) and ¢ and

are such that

V(oy, ) = max V(o,d)) and Vo # o7, V(o, ) < V(o).
gES

Step 2: Note that in the previous step, the last component of the vector ¢! did not change during the
1)

whole process: we impose ¢’ = xg. The order of those components do not matter; the previous result

holds for some /) = (J:U,xg‘]), s mS‘Ql) Since det D(t, xo, xg‘]), ’33((1(]—)1) = ZO’GSJ sign(o) etV(mC(")),
and sign(o) € {—1,1}, det D(-, zo, xg‘]), s xg‘]_)l) is a linear combination of distinct exponential func-
tions multiplied by nonzero coefficients; one such coefficient is that associated with etV (@ ) This

implies that det D(-, zo, l‘gJ), . xF]‘]_)l) has a finite number of zeros (see, e.g, Tossavainen (2006)).

Proof of Proposition 5.1.

Q= Ay R (1, @q)e ™I (Fa)=Barms—) M (1)

i RJ(t, xa)
ozl | Ry(t, zq)

This proves that J > max {j > 1|3ty € R, Q;(zq4,t0) # 0}.
Reciprocally, if jo < J, then for some ty € R, Qj,(xq,t0) # 0. Indeed, jo < J = Vjo < k <

= QJ_H(xa, t) =\ e_th(xb)MJ<t):| =0 for all t € R.

J, A > 0 and we can write

J

A R (t M;(t
Qi (. 8) = Mg Byt 50) M (e Bomis [ 1y 3 20 Tty ) (8
j=ko+1 )‘jo Rjo (tv :L'a) Mjo (t)
By the Proof of Lemma 5.1,
R;O(t,xa) o
t—o0 Rj, (t,7q) Cdosza:

By Assumption 5.2, m; j,(z,) < —A: each term in the sum on the right hand side goes to 0 as t goes

to oo, implying that for large enough ¢, the term in parenthesis is strictly positive, that is, nonzero.
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A.5. A MODEL WITH “FIXED EFFECTS” WHEN J > 2

We discuss briefly how to extend the identification argument of the model with “fixed effects” to
the case where the number of mixture components J can be greater than 2 and even unknown. We do
not develop a general and rigorous treatment of identification but rather lay out a simple explanation
of how the arguments in Sections 4 and 5 can be combined into a recursive proof of identification.

To that aim, we consider the case J = 3 as we did in the beginning of Section A.4.1. We explain
how to identify this model using a recursive approach which we argue can be generalized to any .J,
with J unknown. Our goal is to identify A;(y), m;(y), F;(-) for 1 < j < J and J itself, for y € R”.
Our argument proceeds by choosing points = and z in R in a neighborhood of y. Instead of Equation

(A.1), we now have
(A1) M (tly) = M (y)e™ WM () + da(y)e™ W Ma(t) + As(y)e"™s W Ms(¢),

with A1 (y)+Xa2(y)+A3(y) = 1,3 € R¥. Take x in a neighborhood of %. In this section, we only consider
the simpler case where \;j(z) < 1, A\j(y) < 1 and \j(x) # \;(y) for all j < J. We assume as in Section
5 that D,1m;(y),j =1,...,J takes J distinct values in R. Wlog, suppose m1(y) > ma(y) > ms3(y).

The argument of the proof of Lemma 3.1 when J = 2 applies here to identify the slope of m; as
long as x is close enough to y. See the discussion around Equation (A.2) in Section A.4.1 which can
easily be adapted to (Aj(y)) <3 varying with y. However as mentioned in this discussion, this method
does not identify the slope of my even when (););<s is not allowed to vary with y.

It is nevertheless possible to identify the slope of mg by proceeding as follows. Multiply (A.1) by

eft[ml (z)—m1(y)] to obtain

e~ tmi@=mWI g (2) =Xy (2)e™ W M, () + Mg (z)elm2@—mai@ =@} pr, (1)

+ A3(z)ettms@=lmi@)=m Wl pro (1),

Comparing with (A.3), this multiplication does not purge x out of the first term on the right hand side
because Aj(z) is unknown. We thus use ideas from Section 4. Indeed, one can show using arguments
in the discussion around Equation (A.2) in Section A.4.1 that K (z,y) = iigg, where we recall that
K oo(z, z) is defined in Section 4. Thus we multiply (A.1) with e~ @)=l /K (2 y) to obtain
M (t]x)
Kyoo(@,y)

ot (@) =ma (v)]

= () DM (8) + () A2E) tfma (@)~ (@)-ma @)} )
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(A.2) + M (y) A3(2) eHma(@)=lmi(@)=mi Wl pr 4.

The left hand side of the above equation is known. The above step enables us to eliminate all unknown
parameters associated with the first mixture component. Suppose as in Section 5 that m;,j =1,2,3
are differentiable in at least one of the k* continuous elements of x. In what follows, we assume that
it is differentiable in the first element x! without loss of generality and that this is prior knowledge.
Let D, denote the partial differentiation operator with respect to z! and iy (z) := mq(x) — mi(y).
Let Bl(t,z) := D, [e*tml(‘”)%}, Ci(t,x) := Dx%(x) + ti—f(x)Dgz(mg —my)(z) and Ci(t,x) :=
D, )\1( x) + t)‘3( YD, (m3 — mq)(z). Differentiating both sides of (A.2) wrt 2! gives

(A3)  BY(a) = Aly) [CH(E2)elm) Mm@, () 4 (1, )t tm @@ gy )]

Note that operating D, eliminates the unknown function M (¢). We now have

Bl
glogBl(t IL‘) l(tv .’IJ)

ot Bi(t,z)’
where
Bita) w + {ma(@) — (@)} + atM?()t) N C%Et:x; et[mg(m—mg(x)]%\f(’?
gﬁgg (ms() — 1 (2) + C(f‘”(’ftxf) ) T
By(t,x) =1+ gizget[m?m‘mm]m-

9 1
5:C; t,x)
C;/ (t,z)

We can then argue as in Section A.4.2. The ratios of the form converge to 0 as t — oo,

C; (t,x)
C;/ (t,x)
generating functions similar to those in Section 5, all terms above converge to zero as t — 0o except

while the ratios of the form are bounded as ¢ — oco. Thus under conditions on the moment

for the second and third terms of Bji(t,z) and the first term of Bi(t,x). This third term does not
depend on x. Taking two distinct points z and z and using arguments similar to the proof of Lemma

5.1, one identifies the slope of my with

1 X
ma(e) = ma(z) = Jim 105 (i) + (ra (o) - a(2).

Reproducing the reasoning of Section A.4.1, we could argue for identifiability of the slope of mg
using Lemma 4.1 but we instead carry on the foregoing analysis one step further. This will illustrate the

basic idea behind a generalization of the recursive argument for any J € N. Let us return to Equation
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(A.3). Repeating the step that purges all dependence on x of the second mixture component requires
knowledge of 1 (x), ma(z), A1(x)/A(y), which are identified, and of Ag(x), which is not.

But identification of Aa(x)/A2(y) can be obtained as in proof of Lemma 4.1. Indeed, this proof
uses the knowledge of the slope of the first mixture regression function to get rid of the dependance
on this slope and to obtain the ratio of the first component mixing weights: the same idea can be
applied to B! where all dependence on the first mixture component disappeared, using the knowledge

of the slope of the second component regression function. One can show that

(tx) m mo(z)) M3(t
1+ Z e )et( 3(w)—ma( ))Mzgtg
C (t7y) M: (t)
Y1+ cl(t ) M;(t)
A2(7) A1(y) Da(ma —mq)(x)

t—>_+>oo A2(y) Ai(z) Dy(m2 —m1)(y)

) i (@) —ma(2)] _ Cy(t,x

(&.4) Bl(t.y) Cit,

\_/\_/

et(ma(y)—m2(y))

)

which identifies i‘\z—gyx; Let C3(t,z) :== %C’% (t,z). Note that it is identified as well. Then

Ci(t,x) ot
Ci(t, )

mg(z)—12(z))

: : Bl(t,z)
t(mq (x)—rna(x)) ~ } -\ " tma(y )+ Y t
e C%(t,:r) 2(3J)M2( ) 2( ) ( )

where the first element on the right hand side does not depend on x. We can take once more derivatives
wrt 2!, which gives

Bl(t,x)

Ca(t, x)

= Xo(y) M3(t)C3(t, x)et(ms(x)fmg(x)),

B2(t,x) = D, | et (@)—ma(z)

where C2(t, z) = C:;Et ”;tD (m3 — mga)(x) + Dy Cl( z). Thus,
902t 9 M.
glogBQ(t,a:) =0t 3\ (t,2) + {ms(x) — ma(x)} + aMs(t)

ot C3(t, ) Ms(t)
A closer look at C3(t, ) shows that it is the sum of two ratios of polynomial functions of ¢, the first
one with a numerator of a degree higher than the denominator by one and the second one being the

ratio of two polynomials of the same degree. Thus one can show

A3(x) Dy(ms —my)(z)
A2() Dy(mg —m1)(x)

and %Cg(t, x) converges to a constant as t — oco. This gives, considering again two points z and z

C’g(t, x) et D, (mg — ms)(x) t,

and assuming conditions on the moment generating functions similar to Assumption 5.2,

B2(t,x)

) —my(2) = Jim o (B%: Z)) + (ma(e) — ma(2)),
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which identifies the slope of mg.

For J = 3, we know A3(.) = 1 — A1(.) — A2(.). However note that similarly to (A.4), looking

2
nggt,x; would alternatively identify the ratio >‘3E$; This recursive argument can be generalized to

any known J to identify sequentially the slopes of the m; functions together with the ratios /\JE 3

at

constructing first (Ck_l)jSkSJ then B/~1L.

This procedure also leads to identification of J when it is unknown. Indeed, B* (t,z) plays the
role of Qx(t,x) in Section 5. It is also a sum of exponential functions of ¢, multiplied with ratio of
rational functions of ¢ and mgfs evaluated at ¢. Similarly to the case where ();); are not allowed to
vary with z, one can prove as in Proposition 5.1 that if £ < J then Bk(t, x) is nonzero for some ¢ large
enough, while if k = J + 1 then B*(¢,z) = 0 for all values of ¢.

To identify the values of the mixing weights (\;(y), A;j(z))j<s and of the regression functions

(mj(y)) <, we suggest the following procedure. Write [;(z) J(m). We know that

M(0|z) = Z Aji(
= Z Xl (@)ring () + 32 X W)l ()m; (),

Evaluating this expression at distinct values (z,),<p gives

I
> >
<.
—~
S

A1(y)

N(O]z1) LW(z)ma(zy) .. L(z)mg(z)  L(z) ..o L) AJ.(y)
M (0]zp) Wzpyiu(ep) ... lep)mg(ep) Llzp) ... Li(zp) Al(ym(y)
As(y)my(y)

Taking P = 2J and assuming that the matrix on the right hand side is invertible, which excludes the
case where \; does not vary! with z, then the vector on the right hand side can be identified. This
identifies (\j(y))j<s, (m;(y));j<s and thus (A;j(z))j<s. As for the distributions of the disturbances of

each of the mixture components, they can be identified using decompositions such as (A.2).

A.6. PROOFS OF RESULTS IN SECTION 8

In this section, C' and C” denote constants that may change from one line to the next.

11t (A () j<J do not vary with x, then this is observed. Other possibilities for identification exist, such as arguments

in the proof of Lemma 5.2.
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Proof of Lemma 8.1; (8.3). The estimator can be decomposed as

<1 MV L (MUt 1, (M) 1 MO(t)
Ajgmy = glog (]/\4\0(15”)> = alog (Mo(tn)> + alog <M1(tn)> — alog (Mo(tn)> .

The first term in the decomposition is deterministic. This approximation error can be written

1=X tn[ma(z1)—ma(z1)] M2(tn)
MUtn) _ i 253 T N ) em 1M (1 4 O(u(tn))]
MO(ty,) 1+ %etn[mz(xo)*ml(m)] Mig:g 7

where the last equality holds using Assumption 8.2 (iii). This gives

1
(Al) ;log <%0$:§> = Ajgmy + O(Miin))

Let us now focus on the two estimation errors i log (%j 8”3) We write

Xp—x; ~ .
it p €K (T R,

n

Ly K(my DI

n

Mj@n) =

and have

(A.2) Mit)) _ Ni(t) _ fx(e)  Nit)
| Miltn) ~ DiMI(t) | DI Fx(a) MI(E)

In what follows, we treat separately the two ratios appearing in the last equality in (A.2), showing
that they both converge to 1. First, under Assumptions 8.1 and 8.3, standard results on Mean Square

Error of the kernel density estimator guarantee

DI 1\:2
(A.3) ) = O <h4 N hk) .

The analysis of the second ratio in the decomposition of (A.2) will differ from that of standard
kernel regression as it depends on ¢, which varies with sample size. For the bias term, we define

Gn(z) = fx(z)E(e!"?|X = z). Then

Ny 1 < X, —x;
j _ tnZ, P J _ )
E(N(t,)) = E T p§1:e PR (=) /UERk Gn(zj + h, U)K (U)AU.

n

By Assumption 8.1, GG, is twice continuously differentiable. Since the kernel is of order 2 (As-

sumption 8.3), by virtue of the Mean Value Theorem, we have

M) N L R
E(fx(xj>Mj(tn>> ' @) / 5 UV Gl + hama(U)UIUK (U)dU
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where 7, (u) € [0;1] and V2G,, () is the hessian matrix of the function G,, evaluated at . Recall that
Gn(x) = fx (@)™ @M (t,) + (1 — N)etn™2@) My (t,)]. Thus

V2G(2) = Ae ™My (t,) {12 fo(2) Vi (z)Vima () + V2 fx (2)
+tp (Vi (2)V fx () + V fx (2) Vi (2) + fx(2)VPma(2)) }
+ (1= N)em2 @My (t,) {t2 fo(x)Vma(z) Vima(z) + V fx (2)
+tp (Vma(2)V fx () + V fx (2)Vma(z) + fx(z)Vima()) }
The terms in braces are polynomial functions of t,,. We write V2G,,(z) = X et»™ @ M (t,){t2ay (x) +

tnby(z) +cr(z)} + (1= N) en™2@ My (t,){t2 az(z) + tpbe(z) + co(x)}. By boundedness of the first order

partial derivatives of m;, i = 1,2,
36 >0, V(x,U) € RF x R*,|m;(z 4 hnm (U)U) — my(z)| < 6hy||U]],

implying that etn(@+hnma(U)U)=mi(z) < odtnhnllUIl Therefore, as Gp(z) > fx (z)Xet™ @) M (t,,),
Aetnmi @ +hara@U) A, (1) eShntllU] ) ellie]
Gn(x;) T Ix(@y) T fx(=y)

for some C' > 0 for n large enough, by Assumptions 8.1 (iv) and (vi). The same holds for the (1 — \)

term. By Assumption 8.1, a;, b; and ¢;, ¢ = 1,2, are bounded functions. This, together with the
previous argument, implies that ﬁ JU'N2Gy[zj + by (U)UIUK (U)dU = O(t2). Thus
n\Zj

Ni(t,) 4 2
E (fx<a:j>Mf<tn>> 1= Olinhn)"

For the variance term, an upper bound is

2
1 1 ethK(Xh—xj)> ]

n

E

(hﬁMj(tn)fX(ﬂﬁj)
1
~ n[hEMI(t,) fx ()]

/ E(thnZ|X)K(X h‘ TV e (X)dX

1 [ E(®Z|h,U + ;) fx(haoU + z5) 2

= K

T A ey S O
=/ A a5 My (28) + (1= N0 2D My (@) el +25) vz

nhy; (Aetrm @) M, (t,) + (1 — A)etnm2(@) My(t,))? fx(x5)?

. 2t (ma(hnU+x:)—m1(hnU+z;)) M2(2tn)

1M1(2tn)/626tnhn|U|>\+(1 Aeintmatin e OO Sty Ix(hal %+ 25) e ry2qp

- nhﬁ Ml(tn)2

(r+a- A>etn<m2<xj>—m1<xj>>m)2 Fx(5)?

M, (tn)
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1 M;(2t,) ol 9 ma () —mn (2)| 140 U] M2(2tn) 9
1— nlmo(x;)—mq(x;
< M /C A+ (1= Ne ) ) | ),

1 n

where we used Assumptions 8.1 (iv) and (vi) for the first inequality, and Assumptions 8.1 (iv) and
(vi) as well as Assumption 8.2 (iii) for the second inequality. Together with Assumption 8.2 (v),
these assumptions also imply that the integrand is bounded above by CeCllUI K (U)2, VU € R¥,. Note

that for n large enough, C' < ap. Thus Assumption 8.3 (iii) guarantees that the variance is of order

O(ﬁ J\]\/Z g:)lg ). Therefore,

N9 (tn)
fX(xj)Mj (tn)

With (A.2), (A.3) and (A.4), and given that by Jensen’s inequality j‘ﬁgfﬁ;g > 1,

(A.4) 1 M1(2tn)>2

M (t,) 1 Mi(26)\ 2
Mj(tn)—120p<(tnh) +WM1< )> .

This finally gives

N\ 2
< altn)Y |, 1 i, 1 Mi2t))?
A - A = —1 1 —_—
10mMm1 10M1 O < tn ) + tn og( + O]P (tnhn) + nhk’ Ml(tn)Q

1
u(ty) 1 L1 M2t}
L Cnt + — MBt) N2
r T, \Unhn) o e

0

~ . > S -
Proof of Lemma 8.1; (8.4). The estimator is Ajgmg = ;+ Log <$;§z"j:”; (g}gz”;) > . We first
¢°(sn)

¢ (sn)’

compute the rate of convergence of in a fashion similar to the proof above. From the proof of

Lemma 3.6, we know

. =i d(s + alz1) [ P(s|lz1)\ " 1 1 alAjgms
A bee <¢(s + alzo) <q§(3x0)) > T a (mme e {2 T on J) '

Because we do not know the interval on which the identifying equation will be a constant of a, we

plug in a sequence a,, going to zero instead of a fixed a. For the approximation error, we have

¢1(8n) B )\eisnm1(x1)¢1(5n) +(1— )\)eisnmz(rl)@(sn)
#O(sp) - )\eisnm1(mo)¢1(sn) +(1- )\)eisnmz(fﬂo)gbz(sn)

A _pisn(mi(z1)—ma(x1)) 91(sn)
:eiSnAmmz —x°¢ e o ¢2(5n)+1

A isn(mi(zo)—ma(x ¢1(sn)

e e gl 1

(A.5) = 2102 (14 O(f(sn)))-
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To compute the estimation error, the scheme is initially similar to the previous proof. We write

1 isnZ, Xp—xj i
e T 2p=1 €K (T m (s,)
¢ (sn) = X,—x; E—

) denomj

S
and work with an equation similar to (A.2), here

Fsn)  fxlay)  mum’(sn)

¢7(sn) an fx(x)97 (sn)

We compute the convergence rate of the ratios in the last equality.
1

P J . .
As in (A.3), we know %‘ZL(O;I) 14 Op (b4 4 ) . Now, let A, #g(;) Working with

complex numbers for this proof, we use |.| to denote a modulus. Let us focus on the bias term of A,,.

We write g, (z) = fx(z)E(e”*"?|X = z) so that A, = @?ZZS")

Since g () = fx ()™ @) g (5,)+(1=N)en2(2) hy (s,,)), we denote GL(z) = cos(sp,my(z)) fx ()
and G%(x) = sin(s,m(z)) fx(z) for I = 1,2. Then we have

n

1
B’ (s,)) =E | o 3" ei* Zo (X2 =%y | = / on(; + bl K (U)dT,
noy, o UcRk

3

=Ap1(sn) [ [cos(spmi(xj + b,U)) +isin(spmi(z; + 0,U))] fx (2 + b, U)K(U)AU

—

+ (1= N)opa(sn) /[cos(snmg(xj +b,U)) + isin(spma(z; + b,U))] fx (2 + b, U)K (U)dU
=\é1(5n) / [Gre(zj + buU) + Gy (25 + by U)K (U)dU
(1= N)a(sn) / (G2 + ball) + G2 (; + b)) K (U)AU
Using the assumption that the kernel is of order 2 (Assumption 8.3),
/G}f(a;j + b, U)K(U)AU — G} (z) = / ble’VQG}f[xj + b (DUJUK (U) dU,
where 7,,(U) € [0;1] and V2G¢(z) is the hessian matrix of the function G¢ evaluated at z. That is,

V3Gl (2) = — 82 fx(x) cos(spmy (x))Vmy (z) Vi (x)
— spsin(smi (2)) [V ()9 fx (2)) + 9V fx (@) V(@) + fx (@) 9%m (2)]

+ cos(spmi (z)) V2 fx (z).
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Similarly to what is done in the first part of this proof, Assumption 8.1 guarantees that [ G}LC(J:]- +
b U)K (U)AU — GE(z;) = O(bysy,)?. The same rate applies for GL*, G2¢ and G2, implying

E(num’ (sn)) = /gn(ﬂﬂj +boU)K (U)AU = gn(25) + O (bnsn)? N1 (sn)| + (1= Néa(sa)l]),

which gives, for the bias term,

1

E(A4n) = WE(mj(sn))
j n
Algr(sn) + (1 = A)|ga2(sn)| >
=140 | (bnsn)? : .
+ (( S ) fX(xj) )\elS"ml(xj)qf)l(Sn) + (1 _)\)ezsnm2(mj)¢2(sn)
|$1(sn)l _
140 (bnsn)?—— Maater + 1 =Y
nSn etsnma(z;) )\@;Ez:glezsn(ml(zj)—mg(a:])) + (1 _ )\)

=14 O(bpsn)?,

where the last equality comes from Assumption 8.2 (iv). As for the variance term, we write

i (sn) _ 1 1 isnZ 7o X T L
Vet ey aisn) = Fx@ i iV are™ K (= =)
1 1 X — .TL‘j

E(le™ 7K ( )I1%)

= T (@) 2109 (30 nbF b
11 [ fx(z+b,U)K*(U)AU

< - )
= @7 (sn)]? nby; fx(x)?
and Assumption 8.1 (v) guarantees that in the last equality, the third term in the product converges
2
to %. Moreover,

|67 (sn)] = A ™1 D by (5,) + (1 = A)e 25 gy (s, )|

—[6a(sa)| el EI (1 ) (1 Ml

TR
nbk|2(sn)l?
From these two computations, the following reasoning gives a convergence rate for A,. First,

Bias(R(A,)) = R(Bias(A,)) = O(bys,)?. Similarly Bias(3(A,)) = O(bys,)?. Plus, by definition
for a complex random variable Var(A,) = Var(R(4,)) + Var(3(A4,)): both the variances of the

therefore implying Var(A4,) = O(

real part and the imaginary part are smaller than the variance of A,,. An upper bound of the
rates of convergence of the Mean Square Error of the real and imaginary parts is therefore obtained,

R(An) = 1= Op((busn)* + sprrzae) /% and S(An) = Op((bnsn)* + sprrzae) /- This gives

1

A 1] = 4 ; 1/2
An = A1 = Orllosn) S5t

Y
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so that the estimation error is

~.

¢ (sn)
¢ (sn)

N

:14—0]}»

A 1 A 1 1/2
(bn + nbﬁ) + ((bnsn) + nbwi(sn)!Q) ]

. 1 1/2

Finally we obtain

sn) D sn) (Pls)) HL(sn)
(ZO(S’VL) ¢1(Sn) ¢O(5n) qbo(sn)

| 1/2
_ eZSnAIOmQ[l + Op(f(sn))] |14+ Op ((bnsn)4 + W) ] ’

Plugging in this expression in the definition of the estimator, we obtain

; 71 70
Ry~ Log [ 21050t 2) ()
1012 a og (gbo(sn +an) \ 3l (sn)

~— Tog {ei(s"“”m””” [1+ Op(f (s + au)]

3

) 1/2
1+ Op <bi(8n +an)" + nbk | (s, + an)|2> ]

o (st e — L )"
v G (o) P

1 1/2
14 Op(f(sn + an)) + Op(f(sn)) + Op (bisi + >|2)

nbk | (sy, + an
o (st 4 ——L )"
T nb|¢ (sn)? ’

where we used a, — 0 as n — co. As the term multiplying e?»?10™2 in the Log converges to 1, and

e—isnAmmZ[l + Op(f(sn))]

__ " Log {eianAIO'rnQ

eventually a,Aigme € (—m; ), the expression above becomes

Rygmy =Aiomg + = Log| 1+ Oz(f(su + ax)) + Op(f(sn))

44 1 1/2 ‘4 1 1/2
b - b _—
+ O]P> ( nSn + nbiﬂd)](sn T an)’2> + O[P < nSn + nbﬁ|¢9(8n)|2) )

that is, using the first order approximation of the principal value of the log around 1,

. 1 44 1 1/2 i 4 1 1/2
A =A — o+ an R : bist 4y — — .
o = Buom O (st an)+ 00+ (st + S )+ (b i)

0
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Proof of Lemma 8.3. Fix z € R. Write 5;-) =z 4+ jo(x1,x0) + ma(xo), &=z —i—jg(:vl,:vo) + ma(zo),

¢l = 2+ jo(w1,20) + ma(21) — g(wo) and &} = 2 + jd(x1,w0) + 7 (1) — Glao).

Fy(z) ~ Fy AZ{{gm F(&}le)] = [F(§lz0) = F(&llao) |}
(A.6) )\ Z F(&fla) — F(&)|2o)]
J=pn+1

+< ! >ZF &ilz1) — §j|$o)

1_

We write (z) — F3(z) = I; — Is + I3 and compute separately the convergence rate of each part on

the right hand side of (A.6). For I;, we write

(vmm:fﬂﬂ@mwf@uﬂ+fjﬂ@mwF@mﬂ
j=0 Jj=0
—iﬁ@mwm&@—ik@mwn@m]

j=0 Jj=0

Since % = f(z|z) = Mf1(z —mi(z)) + (1 — X) fa(z — ma(x)) and by Assumption 8.4 f(z|x) is
bounded, z — F(z|x) is Lipschitz continuous. That is, for v = 0, 1, |F(§;’|xv) —F(&|z)| < C \g;’ —&|

with probability one, implying
|ZF fv|$v — F(&|zo)| = Op(pren)-

For the two remaining terms in /7, we write

CE(1(Z <)k (X52))
B CCD

We now apply Theorem 3 of Einmahl and Mason (2005). Assumptions (K-i) and (K-ii) of this paper

hold by Assumption 8.5. Assumption (K-iii) holds by Assumption 8.5 (iii). Assumption (K-iv) holds
by continuity of k, see Assumption 8.5(i) and the comment below the statement of Assumption (K-
iv) in Einmahl and Mason (2005). Note that by ¢, = n_k%‘l, ¢n — 0 as n — oo and for any C,
¢n > Clogn/n for n large enough. Finally, take I = {xo,z1}, then Condition (1.7) of Einmahl and
Mason (2005) holds by Assumption 8.1 (ii). Thus we have,

limsup sup (nc)2||F(|z) — Fu(2)||co = Ouas (max(log logn, — log(cn))l/Q)

n—oo xel
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(A7) = Oas ((— log cn)l/Q) :
We now examine F,(.|x) — F'(.|z). Let f(.,.) be the joint density of (Z, X), and

Fx(z,x) = 3 f(Z,x)d2" = F(z|z) fx (z) = [NF1(z — mi(2)) + (1 — N Fa(z — ma(2))] fx ().
Write for ¢ =0, 1,

FE(L(Z < 2)k (525 ) — Fx (2, 3;)
Fo(ela)— Fefe) = 2 ( ) * +Fx(z, ;) 1 :

() () A

Under Assumption 8.1, 8.4 and 8.5, we know that éE (k: <@>) — fx(z;) = O(c2). Similarly,

Cn

1
o

X —uz 2
E [1(2 <)k ( * )] — Fx(z,i) = C"/ U' V2 Fy (2, 2 + bumn (U)U) Uk(U)AU,
UcRF

Cn 2
with Assumption 8.1, 8.4 and 8.5 guaranteeing that V% Fx(.,.) exists and is uniformly bounded over

R**t1. Therefore

= 0(c2).

sup ~

z€R
which gives, for i =0, 1,

ikE [JL(Z <z)k <X _%ﬂ — Fx (2, i)

cy Cn

(A.8) 1Ea(|2:) = F(Jai)llo = O(cp)-

Equations (A.7) and (A.8) give ||F(.|z) — F(.|z)||s0 = Op((—log(cn))?(nck)=12 + ¢2). Recall
Cp = n_’?lr‘l, thus for any small a > 0,
sup |F(ylas) = F(yla)| = Op(n™#37%), i = 0,1,
yeR

This implies that
Pn

7 2 L
> [F@ i) ~ FEln)] = Oppun #5577, i =0,1.
=0
Therefore,

2
I =Op (pn_m+a +p721£n> )

Looking at I, by construction the second sum appearing in the right hand side of (A.6) simplifies

to
1 o0
= > [FEla) ~ F(Ele0)] = 1= Falz + (pu + Do(a1,20))
J=pn+1
Using the exponential version of the Chebyshev’s inequality, we have 1 — F»(C) = P(ega > C) <
et My (t) for any t > 0. For a fixed value of t and letting v = 6 (21, z0)t > 0,

Iy = O(e™0Pn),
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As for I3, note that the computations above give Zﬁ.’go ﬁ(§}|x1) - ﬁ(é’?mg) —— (1 = N Fa(2).

n—oo
As L — L. = Op(e,), we have

1-A
13 = O[[D(Z-:n).
Adding these three parts, we obtain
[ — —mate 4 2 —Y0Pn
F(2) — Fo(2) = Op (ppn F17% +pre, + e i

Using the equation F(z|z) = AFi(z — mi(x)) + (1 — A\) Fy(2 — ma(z)), an estimator of Fy(z) is

Fi(2) = 5 [P+ @) = (1= D)ol + s (a) — a(0))].

which will converge to F1(z) at the same rate. O
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